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1.___Introduction

The purpose of this Grant is to develop theoretical tools for performance
assessment of Plasma Propulsion devices. These models can be used for design purposes,
as correlators of experimental data, and as pointers to necessary technology improvements.

In our first Yearly Progress Report 1] we showed results of a simplified arcjet
model which was then being finalized by Graduate Student Atsuko Sakamoto. The final
results of this work have since appeared in Ms. Sakamoto's M.S. Thesis (2], and have been
presented in a paper at the 29th Joint Propulsion Conference(3]. The method is capable of
good (+20%) a priori predictions of thrust and efficiency over a wide range of parameters,
but requires some judgment in the selection of input parameters. and provides little detailed
information on the internal flow parameters. Also in the first Yearly Report, we showed
the development and preliminary results of a detailed arcjet numerical model which was part
of Scott Miller's Ph.D. Thesis work. This model is now essentially complete, and results
have also been presented at the Joint Propulsion Conferencel4]. This is probably the most
accurate description available of the hydrogen arcjet physics, and provides first-principles
performance predictions as well as internal parameter distributions which illuminate the
device's operation and suggest routes for improvement. The JPC paper summarizes these
results, and is appended for further detail. Additional resuits, dealing principally with the
thermal coupling between the gas and the arcjet body, are still being generated, and will be
the subject of a subsequent paper to be presented at the 23rd International Electric
Propulsion Conference. Scott Miller's Ph.D. Thesis is expected to be available by Sept..

1993.

In addition to the arcjet work, we have also developed during this 2nd Grant Year a
one-dimensional model for a Hall thruster, which has yielded excellent results when
compared to experimental data. This has been the subject of a M.S. Thesis by Chris
Lentz(5], and also of a paper presented at the Joint Propulsion Conferencel6]. Although
partial attempts had been made before at modeling Hall thruster operation, it appears that
ours is the only truly quantitative and accurate theory in existence at this time. The work is
described in the JPC paper, which is appended to this Report, and in more detail in Ch.
Lentz’ Thesis, which is expected in August 1993.

The good results obtained in both the arcjet and the Hall thruster tasks have opened
the way for further refinements and for explorations of performance-raising modifications.




Thus, work is now being initiated (under a new AFOSR Grant) on mixed N2-H2 arcjet
modeling, examination of alkali seeding in arcjets, and 2-D Hall Thruster models.

Although the Grant being reported on did not cover work on MPD thrusters, work
that had been initiated under earlier AFOSR Grants has been continued. In particular, the
2-D numerical model of MPD which was developed by Eli Niewood to examine in detail
the genesis of near-anode voltage drops has been completed. This was the subject of Dr.
Niewood's Thesis(7], and was also presented at the Joint Propulsion Conferencel8]. This
work constitutes the first coherent explanation for the appearance and magnitude of the
anode drop in MPD thrusters, which is by far their largest power loss and is also the source
of difficult anode thermal management problems. The JPC paper is appended to this
Report, and a copy of Dr. Niewood's Thesis is also included.




5. Numerical Model for Hyd \rei

Previous numerical modeling of arcjet thrusters has focused on the development of
1-D, 2-D, and axisymmetric models with relatively simple physics and geometries. The
level of detail has ranged from 1-D models (9] to coupled quasi-analytic models of the inner
(arc) and outer (cold gas) flows [3.10.11), 1o simplified axisymmetric space-marching
techniques (121, and finally to 2-D and axisymmetric viscous codes which begin to
incorporate most of the detailed physical processes [13.14,15], The latest research has
obtained results which variously include ohmic heating, electron heat conduction, thermal
and ionizational nonequilibrium, and empirical models of radiation losses. Issues left out
of these models include viscous and diffusive effects (of importance in these very low
Reynolds number devices), coupling of the block thermal response (which affects the gas
temperature around the arc, and hence the specific impulse), and, more importantly,
electron thermal non-equilibrium (T‘ # T‘) and the detailed arc attachment physics. If

thermal equilibrium is forced, as has been done so far, the electrical conductivity outside
the arc, and particularly near the anode wall, is nearly zero, because the single temperature
is held down by cooling to the wall. This makes it impossible to obtain steady solutions
with a prescribed current of the right magnitude, unless an artificial "floor" is introduced
for the conductivity. Unfortunately neither the magnitude nor the spatial distribution of this
artificial o, can be gleaned from such a model, and this throws in doubt the voltage
prediction as well as that of the anode heat flux and its distribution. To some extent, this
has been mitigated by artificially imposing (as well) the current distribution on the anode,
based on empirical information.

In our work, we have decoupled Te from Tg by separately balancing electron and
gas energies. The results show that Te remains close to Ty in the arc, where the collisional
coupling is strong, but whereas the near-anode Ty is of the order of 1000-3000K, the
corresponding Te is of the order of 20,000K there, and, in fact, that a continuous "bridge"
zone of high Te connects the arc to the anode. This is shown clearly in Fig. 1, whichis a
radial cut in the attachment region. Since the « ectrical conductivity is
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Fig. 1: Radial Profiles of Electron and Heavy Species Temperatures 0.25Smm Downstream
of the Constrictor Exit

governed by Te, this bridge all the way to the wall allows the current connection to be
made, with a net voltage drop which is very close to that measured experimental (see the
attached paper, AIAA 93-2101, for details).

Not as essential, but also important for the physics of the attached region is the
allowance for ambipolar diffusion of electron-ion pairs from a region of intense net
ionization about 0.1mm from the wall to the wall itself, bridging any possible electron-poor
thin layer there. This is shown in Fig. 2, where the dominant terms in the electron density
balance are profiled.
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Figure 9. Radial Profiles of Some Terms in the Electron Density Equation in the Current
Attachment Region Just Downstream of the Constrictor Exit

When these effects are tracked through the 2-D computational domain, the re-
attachment distribution in the region downstream of the constrictor is obtained naturaily in a
manner which is realistic, although no detailed experimental distributions are available for
hot anodes (See Fig. 4 of the attached paper AIAA 93-2101). The veracity of the Te
calculation is also proven by comparing the predicted T, profile a the thruster exit (Fig. 3)
to data of Haskins et al {16 and of Spores [17]. In both cases the measured Te and its radial
profile agree within 0.1 elJ with our results; the data of Ref. 16 were taken a few mm.
downstream of the exit plane, which may account for most of the difference.

Despite these important improvements to the anode attachment problem, no
complete success can yet be claimed. On one hand, we do slightly under-predict voltage
(by 7V out of 112 in the nominal case, but exploratory calculations for other conditions
give voltage errors of up to 19V. in some instances). More importantly, we are still forced
to restrict attachment to the region beyond the constrictor, and if this limitation is removed,
attachment gradually creeps upstream without apparent limits. The mechanism which
anchors the arc foot is not completely captured, and may require finer detail of the sheath
and the surface chemistry to be modeled.
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A broad measure of success for the model is its performance predictive ability. As
Fig. 11 of the included Paper AIAA 93-2101 shows, the thrust (or the specific impulse) is
within 5-10% of the experimental data in all cases tested, consistenty showing some
overprediction.

The situation for voltage is similar (Table 6 of the Paper). A wider set of conditions
is currently being explored, and the results will be documented in an IEPC paper in
September.

The other improvement contributed by our model is the ability to accurately model
the thermal response of a radiatively cooled thruster body, and to couple this to the fluid
model. The thermal time constant is of the order of seconds, compared to the ~50 psec
time scale for flow development, and this makes it impossible to numerically track both
time evolutions in an interactive manner. Instead, the calculation is iterative, alternating
between a flow solution with a frozen wall temperature and a steady state thermal
computation using as input the heat flux from the latest flow update. This is mainly
important in setting the outer gas temperature, which controls the thruster specific impulse.
In fact, as Refs. 2 and 3 have shown, the role of the arc is simply to "plug up" a fraction of
the constrictor exit area, with most of the flow passing around the arc. The temperature of
this outer gas is decoupled from the arc, and is governed by wall heat transfer, particularly
regenerative heating upstream of the cathode, and this temperature, in turn, controls the -
outer flow sonic speed, and hence the specific impulse. The detailed iterations are only
now being conducted, and the results will also be reported in the upcoming IEPC paper.
The results discussed here so far have all assumed a wall temperature of 1000K upstream,
increasing to 1200K at the constrictor exit.

3._Numerical Model for a Hall Thruster

In the early 1960's, under A.1. Morozov, the Soviets developed the first concept of
a thruster with closed electron drift and an extended acceleration zone. Between 1964-
1969, these thrusters were improved and evolved into the Hall thruster. Much
experimental work has been performed in the Soviet Union by Morozov [18,19.20],
Bugrova (21.22] Smimov (23], Bishaev (241, Esipchuck (25] and Zubkov (261 to list a few.
A great deal has been learned from the data about thruster design, scaling, plasma
properties in the acceleration channel, and in improving performance.




Very little work had been performed on numenically modeling these thrusters.
Kaufman (27} modeled performance for a variety of assumed potental profiles. Partial
analysis of many of the important processes were reported in the Soviet literature [!8-26]
and also, more recently in the work of Yamagiwa and Kuriki (28], Komurasaki et. al. (29},
at the University of Tokyo, created simplified one and two dimensional models for the
plasma. These models assume a constant ionization to loss ratio, use a simplified
ionizaton model, and neglect thermal conduction in the electron energy equation.

The thrust of our research was to develop a more detailed and accurate model of the
physical processes in the acceleration region. This model was then used to examine
thruster performance over various operational power levels using Argon and Xenon as
propellants.

This research uses a quasi-one dimensional transient model for the plasma
properties down the length of the channel. The geometry for the model is taken from an
actual thruster for comparison of the numerical results with collected data. The magnetic
field is assumed to be imposed and taken as constant in time and the plasma is assumed to
be quasi-neutral. Careful treatment is given to the elecron energy equation, including heat
conduction in its derivation. An ion distribution function as a function of the electric field,
ionization rates and wall losses is defined and calculated. Additionally, momentum transfer
between ions and neutrals is considered.

The leakage of electrons from the downstream cathode to the upstream anode is an
important process in the physics of Hall thrusters, and the radial magnetic field is
introduced to control this leakage, as well as to slow down the flow of secondary electrons
to the anode. This increases the probability of a given electron producing ionizing collision
with the neutral gas, and also creates a high density electron population to neutralize the
ions during their acceleration. We have modeled the plasma impedance to the flow of
electrons by an extension of Bohm's anomalous diffusion concepts, following Ref. 29.
This results from electron scattering by turbulent field fluctuations. The Russian literature
(21] has suggested that electron-wall collisions also have the effect of interrupting electron
Larmor gyrations, thereby inducing additional field-aligned drifts and creating a near-wall
shorting layer. This effect was not accounted for in our study. The results, as will be
shown, appear to justify our approximations, but further examination of the possible
effects of wall shorting is needed.

~




Since the details of the mr.el are explained in the attached paper AIAA 93-2491,
we will here only comment on the salient aspects of the results and on perceived remaining
uncertaintes and rescarch needs.

The internal consistency of the model was verified by careful comparison the to the
data of Ref. 29 on the axial distribution of (transversally averaged) ion density, electron
temperature, ionization rate and potential (see Figs. 7-11 of AIAA 93-2491), which are
predicted consistently within £10% of the data. This was important in order to avoid
compensating errors which might still fortuitously yield good performance results.
Especially noteworthy is the good prediction of Te(x), because there are several competing
channels for the energy gained by electrons from the field, thermal energy being only one
of them. This Te, in turn, determines the local ionization rate, whose accurate prediction is
important to ensure that the proper efficiency is calculated.

The final check on the model is the calculation of thruster efficiency when only the
anode current and the mass flow rate are specified. This involves calculation of the thruster
voltage (not specified) and the beam current (smaller than the anode current by the amount
of electron upstream leakage). We have carried out computations for the conditions of the
experiments of Ref. 29, using Argon propellant. To date, we have only completed the case
of m = 2Aeq, over the tested I3node range. The results, reproduced in Fig. 4 (from our

paper) are excellent. Similar calculations covering

10




the full range of mass flows of the tests, as well as the cases where Xe was used as
propellant, are now underway, and will be reported at the [EPC Seattle meeting (Sept.
1993). Preliminary results are very encouraging.

Despite this success, several areas require further attention:

(a) As noted, wall conductivity was not included, which may be important for other
conditions.

(b) The loss of electron-ion pairs to recombination on walls was modeled originally
by assuming perfect plasma-wall contact and using the flux T =0.61n,v,, where

v, is the Bohm velocity. This proved excessive, and, since the 2-D data indicate
that the plasma near the anode is not in direct contact with the wall, a shape factor
was included, going from 0 at the anode to 1 at mid-channel. Clearly, this kind of
approximation can only be made with confidence in view of either some 2-D data
or some 2-D computational results.

(c) The plasma fluctuations are implicitly accounted for in the anomalous
resistance, but are not explicitly calculated otherwise, nor are any other potential
macroscopic instabilities assessed. Local stability analyses were reported early on
(18], but these can only serve as rough guidelines, and much more work is needed
here (probably in terms of direct simulations).

(d) Experimenters report wide beam divergence, and associated lip erosion by
impinging ions. This is another 2-D effect requiring 2-D calculations.

We plan to work to these problems in the coming two years, by developing a 2-
dimensional code for Hall thrusters. Initial efforts in this direction are aimed at assessing
the feasibility of directly simulating electron transport by means of particle-in-cell codes,
or, alternatively, extending the phenomenological approach used so far to the 2-D case.

11
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APPENDIX
RELEVANT PUBLICATIONS

Following are the papers by (a) S. Miller and M. Martinez-Sanchez on arcjet
mox . ling, (b) Ch. Lentz and M. Martinez-Sanchez on Hall thruster modeling, (¢) E.
Niewood and M. Martinez-Sanchez on anode drops in MPD thruster, and (d) M. Martinez-
Sanchez and A. Sakamoto on a simplified arcjet model. These contain detailed technical
accounts of the topics discussed above.
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MULTIFLUID NONEQUILIBRIUM SIMULATION OF
ELECTROTHERMAL ARCIJETS

S.A. Miller*and M. Martinez-Sanchez !
Space Power and Propulsion Laboratory
Dept. of Aeronautics and Astronautics, MIT, Cambridge, MA 02139

Abstract

A detailed model has been developed to study
the gasdynamic flow in an electrothermal arcjet
thruster through numerical simulation. This two-
temperature model consistently incorporates viscos-
ity and heat conduction effects by expressing the
governing equations in & Navier-Stokes form. Other
simulated effects include ohmic dissipation, colli-
sional energy transfer between electrons and heavy
species, ambipolar diffusion, nonequilibrium dissoci-
ation and ionization, and continuum radiation. The
fluid equations are solved by MacCormack’s method,
while an iterative procedure is used to reiax an elec-
tric potential equation, from which the current dis-
tribution in the thruster is obtained. Converged so-
lutions are compared with experimental resuits from
the German TT1 radiatively-cooled arcjet thruster
with hydrogen propellant. Results are presented for
a baseline case which reveal the two-dimensional,
two-fluid natare of the interior flow, espe-ially in
terms of the distribution and anode attac: m.nt of
the electric current and the growth and development
of the arc region. Calculated discharge voltage is
within a few percent of experimental measurements,
and predicted specific impulse is within 5-10% agree-
ment over a range of operating parameters.

Nomenclature

Specific heat at constant volume [J/mole/° K]
Ambipolar diffusion coefficient [m?/s)
Ambipolar flux of ions and electrons [1/m?/s]
Electric charge [C], internal energy {J/kg]
Electric field (V/m)]

Ionization energy [J]

Dissociation energy (J]

Elastic collisional energy transfer [W/m?]
E,;; Vibrational excitation energy {J]
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Planck’s constant [Js], enthalpy (J/kg]

Total current [4)

Electric current density [4/m?]

Boltzman’s constant (J/°K]

Equilibrium constant

Particle mass [kg]

Number density [1/m3]

Net electron production rate {1/m?/s]

Net atomic hydrogen production rate [1/m3/s]
Avogadro’s number {1/mole]

Scalar pressure (Pa]

Heat flux vector [W/m3?]

Real gas constant {J/kg/°K)

Universal gas constant [J/mole/° K]

Energy loss due to continuum radiation [W/m?)
Temperature [°K]

Mean flow velocity (m/s]

Bohm velocity [m/s]

Slip velocity [m/s]

Mole fraction

Ionization fraction

Coeflicient of thermal conductivity (W/m/°K]
Coefficient of viscosity [kg/ms]

Collision frequency (1/s]

Electric potential {V]

Viscous dissipation function [W/m3]

Electron mobility [m?/Q/C]

Mass density [kg/m3)

83 AN

3 3
x -

DIV E€E WO TR X QN 'q,: 8 Ry s

Average effective collision integral [m3]

1 Introduction

Low power arcjet thrusters have recently been flight
qualified through ground testing and will soon be
tested in space for stationkeeping of geosynchronous
communication satellites. Most of the impetus for
design strategies, however, has come from empir-
ical studies and experimentation, and a need re-
mains to better understand the underlying physics,
detailed energy balances, and transport mechanisms

Electrical conductivity(mho/m], molar concentration




of these devices. In order to fully understand the
physics of arcjet thrusters, it is necessary to accu-
rately mode] many complex interacting phenomena.
Unfortunately, the complexity of the models and
equations needed to accurately represent these de-
vices effectively limits the use of analytic techniques
to simplified cases, through which one may obtain
useful physical insights but inadequate predictions
of thruster performance. Experimental techniques
provide much useful empirical data, but many quan-
tities of interest are not accessible in the impor-
tant regions of the thrusters. For theste reasons nu-
merical methods of solving the governing equations
have become an important tool for conducting arcjet
thruster research.

Previous numerical modeling of arcjet thrusters
has focused on the development of 1-D, 2-D, and
axisymmetric models with relatively simple physics
and geometries. The level of detail has ranged
from 1-D models{l] to coupled quasi-analytic mod-
els of the inner (arc) and outer (cold gas) flows(2,
3, 4], to simplified axisymmetric space-marching
techniques(5], and finally to 2-D and axisymmet-
ric viscous codes which begin to incorporate most
of the detailed physical processes(6, 7, 8]. The lat-
est research has obtained results which variously in-
clude ohmic heating, electron heat conduction, ther-
mal and ionizational nonequilibrium, and empirical
models of radiation losses. There are still a num-
ber of issues, such as viscous and diffusive effects,
arc formation and attachment, the heat balance in
the anode, and ultimately the accurate prediction of
voltage and efficiency, which need to be addressed.
This paper describes a generalized, more physically
accurate model of the gasdynamic flow through an
arcjet thruster, which includes the aforementioned
effects and compatres favorably to experimental re-
sults obtained with medium power hydrogen arcjets.

2 Model

2.1 Basic Assumptions

A basic diagram of an electrothermal arcjet thruster
is shown in Figure 1. This model is based on an
axisymmetric formulation. Consequently, variations
in flow quantities in the azimuthal direction are ne-
glected. A component of the flow velocity in the
#-direction, however, is incorporated to account for
the “swirl” injection of most experimental arcjets.
This injected vortex has been shown to stabilize arc
attachment and to help maintain a concentrated arc
along the centerline of the thruster. Although uy is
assumed constant in the 8-direction, it is allowed to
develop in the axial and radial directions through

the conservation of global angular momentum.

The model has been developed in a general enough
sense so that any monatomic or diatomic propellant
may be simulated. For the purpose of this research
hydrogen was selected as the propellant of choice,
due to its low molecular weight (and therefore high
performance) and its simple molecular structure,
which allows for analytic evaluation of the necessary
transport coefficients. Nonequilibrium dissociation
and jonization are modeled, aad four species of par-
ticles are tracked: diatomic molecules, monatomic
neutrals and ions, and electrons. Dissociation is
modeled by heavy species collisions and by electron
impact, and the ionization process is based on elec-
tron impact ionization and three-body recombina-
tion, with only H* ions considered.

The following assumptions are made regarding the
state of the flow in the thruster and the physical pro-
cesses involved. The plasma produced by ionising
electron collisions is assumed to be macroscopically
neutral, so that n, = n;. Strong coupling is assumed
between the ions and neutrals, designated together
as the heavy species. This implies that u; = ¢, > ¢
(except for ambipolar diffusion), and T; = T,, = T,
Effects which are consistently incorporated include
ambipolar diffusion, heat conduction, viscous shear
and dissipation, ohmic heating, collisional energy
transfer between electrons and heavy species, and
energy lost through continuum radiation. The self-
induced magnetic field of the ionised gas is neglected
due to the low current density and thus negligible
magnetic pressure in arcjet thrusters, and the indi-
vidual species are assumed to obey the ideal gas law.
Given the aforementioned assumptions, the model
can be summariged by a set of nine partial differen-
tial equations which must be solved locally in order
to generate a viable simulation of the flow in an ar-
cjet thruster.

2.2 Governing Equations

The set of equations which govern the flow in the
model arcjet thruster of this research is essentially
a group of modified Navier-Stokes equations. These
include an equation of state and equations for the
ion, neutral atom, and global density; the axial, ra-
dial, and azimuthal giobal momentum; the electron
and heavy species energy; and the electric potential.
In order to maintain numerical robustness, these
equations are written in as conservative a manner
as possible, particularly with respect to the ! terms
which appear due to the axisymmetry of the prob-
lem.

The electric potential equation is derived by com-
bining Ohm'’s law, j = ¢ E+¢Vp,, with the equation




V.7 =0, whete y = T is the electron mo-

bility. Assuming a potential of the form E = -V,
the resulting equation is given by
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The current density may then be extracted by solv-
ing .
. _ 9%, 08¢ dp. 8¢
Jr=v o —dar and ¢ P -—ob—z (3)
The global density equation is obtained by sum-
ming the individual species continuity equations:

igr_ + dpu,r + dpu,r

ot or 8z
For the ion (or electron) density, the governing equa-
tion is derived from the statement of ion mass con-
servation, modified to account for the ambipolar flux
of charged particles in terms of ion density gradients:

= 0. (4)
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where J, is the ambipolar flux, given by

wkT, (1 + %)
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The source term n, represents the net rate of pro-
duction of ions per unit volume through inelastic
collisional processes. The statement of neutral atom
mass consetvation is obtained in a similar man-
ner, and the effect of ambipolar diffusion is con-
sistently included by assuming that both neutral
species travel at the same velocity and by employ-
ing the definition of the mean flow velocity (¥ =
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Here the source term represents the net rate of pro-
duction of neutral atoms, given by the difference be-
tween the net rate of production due to dissociation

and the net rate of ionization of those neutral atoms
produced.

The three global momentum equations are given
by
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and the corresponding viscous stress tensor compo-
nents in axisymmetric coordinates are

Teo = Py (9;7' - l:-) (14)
em(22)
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The heavy species energy equation is
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where the internal energy and enthalpy are defined
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3 5
peg 5(”” +pg+) ReTy + 2px,Rn,T.
PH;RH,Gn 7
4+ ———2— — -pRyT, i
c% -1 4P o )

and

phy = peg + pu,Ru, Ty + (pg + pr+) RuT,. (19)




Additional flux terms have been included in the ra-
dial direction to account for the radial tramsport
of energy by ambipolar diffusion; these terms are
dependent on the internal energy and slip veloc-
ity (V;,) of each species. The heat flux vectors in
Eqn. 17 can be expressed as

or,
8z’

while the viscous dissipation function is given by
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The collisional transfer of energy from electrons to
the heavy species is represented by the following ex-
pression:

E = 3-£L(u,,,+ + Ver + 8uvert,)k(Te — T,). (22)
. H

The coefficient §, in Eqn. 22 is necessary to correct
for the fact that electron-H; collisions are inelastic in
nature. An intetnal energy form of the heavy species
energy cquation is utilizsed rather than a more con-
servative total energy form because of numerical con-
cerns. In some regions of an arcjet thruster the ki-
netic energy and the net loss of energy due to dissoci-
ation can become so large that numerical difficulties
arise if these terms are kept in a total energy state
vector. The same is true of the net loss of energy
due to ionization in the electron energy equation.

The conservation of energy for electrons is given
by the following expression:
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Here J;- represents heating due to ochmic dissipation,
R is the radiative loss, and the total energy and
enthalpy are given by
E, =

R.T. + -ul (24)
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and
H,=E.+R.T.. (25)

The tequired electron velocities are extracted from
the local current density.

The final equation required for closure of the set
is the equation of state:

P=) pi = n kT, +nkT..  (26)
J J

2.3 Dissociation and Ionization

The nonequilibrium dissociation rate ng is derived
by following the procedure and nomenclature of
Biasca(9] for collisions of heavy species. Accordingly,
this rate is given by

. nT B -~
ng = ANT:‘ exp ("E) (maﬂa + ﬁ‘ﬂaaﬂa)

g 2

x [a'g, K’(T')Uu ) (27)
where N is Avogadro’s number, K, is the equilib-
rium constant in terms of partial pressures, the o;s
are the species molar concentrations, and the ap-
propriate constants for hydrogen are listed in Te-
ble 1{10]. Dissociation by e — H; collisions is repre-
sented by the second term on the right-hand side of
Eqn. 7, where the reaction rate coefficient < ov >
as a function of 7, is taken from Janev et al.[11].

Table 1: Constants for the Hydrogen Dissociation
Rate Equation

Constant Value
A (m®/mole — ) | 5.5 x 10
B (J/mole). 435,600
n - -1
mg 5
mg, 2

For ionization, the finite production rate is
given by the generalited model of ionisation
and three-body recombination[12] as modified by
Sheppard[13]:

fie = Rn, (Sng - n?) (28)
2em kT, \ Y _»
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R 985 x 10 ezp( 08179 (30)

2.4 Transport Properties

Because of the multi-component nature of the gas
in an electrothermal arcjet, even with hydrogen as
a propellant, the equations for the transport prop-
erties become quite complex. Since data are more




readily available for hydrogen in the form of col-
lision integrals, a formulation of the transport co-
efficients based on these integrals rather than on
collision cross-sections is implemented. The kinetic
theory of multicomponent gases has been rigorously
applied to the calculation of transport coeflicients
by Curtiss and Hirschfelder[14], and the formulation
here follows their work.

For the electrical conductivity, a first order ap-
proximation by Grier(15] to the rigorous kinetic the-
ory has been chosen for use in this research:

J0

= 31
T=1TA, (31)
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= 16V rm kT,
2
X ZH+E (32)
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where the z; are mole fractions and the ﬁij are av-
erage effective collision integrals. The variable A, is
a more complicated function of mole fractions and
additional collision integrals.

The gas coefficient of viscosity is calculated based
on a mean free path mixture formula, which is a
function of the collision integrals and the species
number densities and pure viscosities[12]:

NH,BH,
=(3.3)

a
2 Ha~H
ng, + nE\/3Ea.5

Hy—-Hy

Bg =

NHEH

+ ﬁ("” 7(3.3)

4 H)-H H-HY
ny +ng,\/§_-:(§,—,r +2ng+ =5
Ou_n Ou_n

ng+hg+
=a.3)
ng+ + 211.35(?3‘55‘;

H¥-H+

+

(33)

where the pure viscosities are given to lowest order
by
1
(MjT,)’
=(2,2)
i

p; = 2.6693 x 10-2¢ (34)

Electron and heavy species thermal conductivity co-
efficients are calculated based on similar mean free
path arguments and mixture rules, and the pure
thermal conductivities are given by Euken'’s relation

LY (554 d)
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where ¢, equals 2 R for monatomic gases and § R for
diatomic gases.

Collision integrals required in the calculation of
transpott coefficients ate interpolated as a function

(35)

of temperature from data by Belov{16], Grier{15],
and Vanderslice et al.[17]. The accuracy of the above
approximate formulas for the transport coeflicients
was verified by comparison to previous, more de-
tailed work for hydrogen in thermal and ionizational
equilibrium.

3 Numerical Method

3.1 Integration Scheme

The numerical method used in this research has been
previously implemented in numerical simulations of
MPD thrusters with coaxial geometries(18]. The
governing fluid equations are numerically integrated
using MacCormack’s explicit node-based method.
This predictor-corrector method is second order ac-
curate in both time and space, and it has proved an
excellent means of solving the compressible Navier-
Stokes equations for a variety of conditions. The
explicit nature of the algorithm allows for simpler
coding than an implicit scheme because of the com-
plex nature of the source terms and boundary con-
ditions, and it also provides a means of obtaining
time-accurate solutions.

An empirical stability formula developed by Mac-
Cormack and Baldwin[19] is utilised to calculate the
integration time step, which is then multiplied by
a fractional coefficient to account for the effect of
source terms and nonlinearities. The time accuracy
of the solution is maintained so long as the same time
step is used at all computational grid locations. Al
though MacCormack’s method contaius some inher-
ent dissipation, additional numerical smoothing is
required in order to damp unwanted numerical oscil-
lations in the fluid equations. Consequently, simple
2nd and/or 4th order smoothing terms are applied
to each equation as necessary, based on the method
of Kutler, Sakell, and Aiello(20].

The electric potential equation, being predomi-
nantly elliptic in nature, is solved by iteration using
a successive overrelaxation (SOR) technique. Since
the physical grid is nonuniform in order to closely
represent the geometry of the actual arcjet being
modeled, the governing equations are transformed
into natural coordinates and then solved on a uni-
form Cartesian computational mesh. The physical
grid used for the simulations presented in this paper
is shown in Figure 2.

3.2 Boundary Conditions

The conditions at the inlet of the computational
domain are postulated to be essentially those of a
flow which has just been injected into the thruster
plenum by a large number of evenly spaced jets. The




flow is therefore assumed to be subsonic and paral-
lel to the thruster walls. A fraction of the total inlet
velocity, typically 30-50%, is specified as being in
the azimuthal direction in order to simulate an in-
jected swirl. The mass flow rate and total enthalpy
are specified based on the particular run parame-
ters, and the ionization fraction is set to a small
value, typically 1 x 10-%. The density is obtained
from a downwind finite difference approximation of
the overall continuity equation, and the axial veloc-
ity is then found from the specified mass flow rate.
The inlet electron temperatuze is set equal to that
of the next inside point, and the heavy species tem-
perature is then found from the total <nthalpy. No
current is allowed to leave the domain at the inlet
(4. = 0).

The boundary conditions at the outlet of the
thruster depend on whether the exit flow is subsonic
or supersonic. In both cases the electron tempera-
ture is set equal to that of the next inside point, and
no current may pass beyond the exit plane. If the
flow is supersonic at a point on the exit plane, then
the remaining quantities are extrapolated from their
values at the preceding two grid points of the mesh.
If the flow is subsonic, then the exit pressure is set
equal to a small value representing near-vacuum con-
ditions and the density and axial velocity are given
by Riemann invariants. The remaining quantities
at a subsonic outlet are then calculated as in the
supersonic case.

For those boundaty points lying beyond the tip of
the cathode on the line of symmetry (r = 0), the
radial and azimuthal flow velocities are set equal to
zero and a zero radial gradient is imposed on the
remaining quantities.

Flow boundary conditions at the thruster walls
include viscous no-slip conditions for the axial and
radial fluid velocities. The electron temperatuze is
set equal to that of the next inside grid point, and
the heavy species temperature is held constant at
1000°K upstream of the constrictor, increasing lin-
early to 1200°K at the constrictor exit. This profile
was chosen based on experimental and numerical cal-
culations of the anode wall temperature distribution
for a reasonable operating range of the German TT1
radiatively-cooled arcjet thruster[21]. On the cath-
ode the wall temperature is allowed to increase to
a maximum of 2000°K at the tip. For the bound-
ary condition on electron density at each electrode,
a balance is postulated between the flux of ions ar-
riving at the sheath edge by ambipolar diffusion and
the flux of ions arriving at the wall by virtue of their
thermal energy at the Bohm velocity (vg)[22]:

dn,
D, &y

= 0.37n,vp, (36)

where

v = 1/"___.(T:n*‘ To). (37)
t

This boundary condition neglects the voltage drops
present in the non-neutral plasma sheath. Also
omitted is the dependence of the thermionic emis-
sion of electrons at the cathode on the cathode wall
temperature. Application of the perpendicular over-
all momentum equation at the walls provides the
approximate conditicn

d
"glulu = O’

dn (38)

where inertial and viscous terms have been ne-
glected.

The boundary condition on the wall electric po-
tential is that there is no current perpendicular to an
insulating section, and the potential on the anode is
set equal to a fixed but arbitrary voltage. For numer-
ical reasons, anode current attachment is restricted
to that portion of the outer wall downstream of the
constrictor exit. On the cathode tip, a uniform ax-
ial current density is prescribed which sums to the
specified total current; the potential at the cathode
is then chosen so as to maintain this current level.
A cathode voltage drop equal to the ionisation po-
tential plus one half of the dissociation potential of
the gas is added to the calculated voltage in order
to account for the model’s neglect of the cathode
sheath region. In addition, an anode voltage drop
is subtracted from the calculated voltage in order to
account for the anode sheath region. A negative po-
tential gradient is required in this sheath in order to
turn back excess electrons since the extracted cur-
rent is much less than the random thermal flux of
electrons to the anode wall (janode € %en.E,). This
voltage drop is given by

AV, = !‘—zl [ln (‘/'T“_/_"T)

0.61.2x

J
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(39)

3.3 Procedure

Once the initial conditions of the flow have been
specified, the solution is calculated numerically as
follows. First, the timesteps are calculated for the
overall and heavy species equations at all grid points
from stability criteria. The most restrictive time
step is chosen as the time interval for the current
integration step, and these equations are integrated




according to MacCormack’s method. Next, the elec-
tron density and emergy equations are integrated
based on their individual stability restrictions while
maintaining consistency with the previously deter-
mined time interval. The electron equations are in-
tegrated separately because the associated stability
criteria can be up to 30 times more restrictive than
for the overall flow equations. Finally, the electric
potential equation is relaxed a specified number of
iterations. This system of equations is then repeat-
edly integrated until the solution is considered con-
verged. Computations were performed on a vari-
ety of machines, including DECStation 5000s, IBM
RS-6000s, Silicon Graphics Iris Indigos, and Cray
X-MPs.

4 Results

Results have been achieved for comparison to the
German TT1 radiation-cooled arcjet thruster at a
number of operating points. For the baseline case
of I = 1004 and m = 0.1g/s, Table 2 compares
bulk results of the simulation to experimental mea-
surements and Figuzes 3 through 10 show line and
contour plots of representative quantities. There
is excellent agreement in the voltage between pre-
dicted and experimental results, and good agree-
ment (within 7%) in the thrust and specific impulse.
The accuracy in voltage prediction shows that the
model is accurately modeling arc growth, electrical
conductivity, and currcnt attachment given the as-
sumptions we have made regarding electrode sheath
voltage drops. A major reason for the discrepancy
in thrust prediction is that the specified inlet gas
temperature is probably too high. Recent modeling
of the anode heat balance in this thruster has shown
that the inlet tempecrature for the baseline case is
about 875°K rather than 1000°K as specified in the
present boundary conditions. Since the thrust scales
as the plenum total pressure, which scales as /T,
a 12% decrease in the inlet gas temperature could
translate into a 6% reduction in thrust. This would
bring the simulation results into very close agree-
ment with the experimental data.

Table 2: Comparison of Predicted and Experimental
Results for Baseline Case

Predicted | Experiment |

Voltage (V) 114 112 '!
Power (kW) 11.4 11.2 i
Thrust (N) 1.01 0.94 !
Specific Impulse (s) 1030 960 |
| Efficiency 0.442 0.395 |

Figure 3 shows an axal line plot of the electric
potential from the cathode tip to the anode attach-
ment zone. The near-cathode voltage drop AV, is
composed of a 15.8V drop assigned to the cathode
sheath (Vi + }Vy) and an 8V drop calculated in the
first few gridpoints downstream of the tip. The near-
anode voltage drop AV, = 15V is composed of a
22V drop captured by the simulation and a -7V drop
associated with the electron-repelling sheath. This
total anode voltage drop is associated with the net
deposition of energy into the anode block by heavy
species heat conduction and by the impingement of
current-carrying electrons. Assuming that the en-
ergy transferred per unit area is of the form

. dT, 5 1
Eanocde = — '7’.‘1 + Uen [EP- + Epeuf + Ein.| ,
(40)

using the results of the baseline flow simulation
yields an equivalent voltage of 14.5V for this de-
posited power, which agrees well with the AV, seen
in the potential profile.

Current streamlines are plotted in Figure 4. In
this case, the bulk of the current attaches within the
first quarter of the nossle, with a peak just down-
stream of the constrictor exit. The flow becomes
fully ionised along the centerline immediately down-
streamn of the cathode tip and remains so through
the first part of the nossle expansion, beyond which
there is some recombination (Figure 5). The bound-
ary of the partially ionised region grows to approx-
imately 50% of the channel by the constrictor exit,
and this region is essentially entrained in the flow
throughout the nossle. The primary heating mecha-
nism is chmic dissipation, which peaks locally along
the constrictor centerline and just beyond the con-
strictor exit near the anode. This is evidenced by
the local maxima in electron temperature in these
regions (Figure 6).

Within the highly ionized region of the arc in the
constrictor, collisional energy transfer between elec-
trons and heavy species raises the gas temperature to
20, 000 — 30, 000°K, or nearly the same temperature
as the electrons. Outside of the arc the flow remains
cold, at a temperature approximately equal to the
anode wall temperature. This outer flow remains
essentially uncoupled from the hot core flow, as pic-
tuted in Figure 7. The flow velocity is also uncou-
pled, although viscous forces eventually wash out the
separation in the nozzle expansion (Figure 8). Since
the pressure is nearly uniform in the radial direction
(Figure 9), rapid acceleration of the core flow occurs
throughout the low pressure region of the arc in the
constrictor. Once the bulk of the pressure work has
been utilized in the expansion process, however, vis-
cous forces arising from steep velocity gradients in




Table 3: Average Ratio of Terms to Dominant Term
in Electron Energy Equation
. TERM |"ARC | OUTER

Radial Convection ;) 0.338 | 0.423

1 Axial Convection 10.528 0.444

"Radial Conduction 1 0.400 | 0.216

| Axial Conduction 10.007| 0.056 |

! Ohmic Dissipation [ 0.508 | 0.504
Transfer to Heavy Species | 0.023 0.069
Net Dissociation 0.006 0.007

{ Net Ionization 0.345 0.207

| Radiation 0.001 0.001

Table 4: Average Ratio of Terms to Dominant Term
in Electron Density Equation

| TERM [ 'ARC | OUTER |
i Radial Divergence 10.604 [ 0.636
| Axial Divergence 0.830 | 0.788

| Radial Ambipolar Diffusion | 0.512 | 0.212
{ Axial Ambipolar Diffusion | 0.019 | 0.009
| Net Ionization [ 0.240 | 0.301

the central core decelerate the flow significantly in
the nozzle expansion. Both the inner and outer flows
accelerate smoothly through sonic velocity at and
just beyond the constrictor exit. Figure 10 shows
Mach number contours for the baseline case arcjet
simulation. Interestingly, due to the large radial gra-
dients in temperature, composition, and velocity, the
peak Mach number occurs in the interior region of
the flow rather than at the centerline.

Simulating the current attachment at the anode
realistically and self-consistently has been a major
difficulty in previous arcjet simulations. The effec-
tiveness of this model in simulating this region is
due to the incorporation of separate energy equa-
tions for the heavy species and electrons and to the
use of nonequilibrium dissociation and ionization fi-
nite rate equations. To illustrate this point, Tables
3, 4, and 5 compare the relative importance of effects
in the electron energy, electron density, and atomic
hydrogen -density equations, respectively. Each table
lists the ratio of every term in the equation to the
dominant term at each grid location, averaged over
all grid points. The flow is divided into two regions
for this purpose, the arc core (@ > 0.01) and the
outer flow (a < 0.01).

With respect to the electron energy equation, Ta-
ble 3 shows that ohmic dissipation is an impor-
tant source of energy both inside and outside the
arc. This leads to electron temperatures as high as
20,000°K in the anode attachment zone of the outer
flow, much higher than the 1000 — 2000°K temper-

Table 5: Average Ratio of Terms to Dominant Term
in Atomic Hydrogen Density Equation

TERM ARC | OUTER |
Radial Divergence 0.545 | 0.664
Axial Divergence 0.487 1 0.910
Radial Diffusion i 0.265 ! 0.001 .
Axal Diffusion 0.016 | 0.000 |
Net Dissociation (H — H;) | 0.131 ] 0.019 |
Net Dissociation (e — H;) | 0.157 | 0.048
| Net lonization TI 0.332] 0.139 |

atures which would be calculated by a model with
only one energy equation. Figure 11 illustrates this
result by comparing radial profiles of the electron
and heavy species temperatures at an axial location
0.25mm downstream of the constrictor exit. This el-
evated electron temperature then produces enough
electron impact dissociation and ionization to cre-
ate the necessary charge carriers for electrical con-
duction between the outer arc boundary and the an-
ode. Tables 4 and 5 show the importance of these
nonequilibrium disséciation and ionisation processes
in the electron and atomic hydrogen continuity equa-
tions. Radial ambipolar diffusion also plays a role
in moving ions and electrons outward from the arc
into the surrounding cooler gas low. This process is
evidenced by radial profiles of the ambipolar diffa-
sion and net ionisation terms in the electron density
equation, shown in Figure 12 near the anode wall in
the current attachment region.

Several other cases have beem rum to evaluate
the model’s effectiveness in predicting arcjet perfor-
mance over a range of parameters. Figure 13 com-
pares simulation predictions of specific impuise for
the TT1 thruster at three different applied currents
for a mass flow rate of 0.1g/s. Predicted specific
impulse is approximately 5-10% higher than experi-
mental data, but should come into closer agreement
when the results of the aforementioned anode heat
balance model are incorporated into the arcjet flow
model. Table 6 compares predicted discharge volt-
ages with experimental measuzements for the three
cases presented in Figure 13. Voltage predictions
from the arcjet simulation consistently fall within 2%
of experimental results, demonstrating the code’s ef-
fectiveness in consistently modeling the electric arc
characteristics of this arcjet thruster. The negative
slope of the V-I relationship is also captured.

5 Conclusions

A detailed, multifiuid, viscous model has been de-
veloped to simulate the nonequilibrium gasdynamic
flow in an electrothermal arcjet. The model is im-




Table 6: Comparison of Discharge Voltages for the
Cases in Figure 8

Case " Numerical | Experiment :
[ =604, m=101lg/s | 117 ! 117
= 100A. m = 0.1g;s . 114 | 112
"T=1304. m=0.lg/s i 112 " 110

plemented on a nonuniform mesh fixed to experi-
mental thruster dimensions, and the equations are
solved using MacCormack's method and successive
over-relaxation. Numerical results are achieved for
hydrogen propellant, and calculated thrust, spe-
cific impulse, and discharge voltage compare well
with experimental data for the German TT1 arcjet
thruster. The internal two-dimensional structure of
the flow is revealed, particularly with .espect to arc
development and anode attachment, and the two-
temperature nature of the flow is evident. In par-
ticular, the integration of a separate electron energy
equation has shown that stable attachment of the arc
to the anode occurs by increased local ohmic heating
coupled with nonequilibrium dissociation and ioniza-
tion in the flow between the arc core and the anode
wall.

Additional cases are being run at this time to
obtain more data points for comparison to experi-
ment for a variety of operating points and thruster
configurations. Also, an anode heat balance model
has heen developed to more accurately calculate the
anode wall temperatuze for this class of radiation-
cooled arcjet thrusters. This model is currently be-
ing integrated with the interior flow model in order
to produce more fully consistent solutions. The sim-
ulation may then be used to identify ways to improve
overall arcjet thruster performance.
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Figure 1: Electrothermal Arcjet Diagram
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Abstract

A numerical code for the plasma properties in
the acceleration channel of a Hall thruster was
written and its results compared with experiments.
The mode! was constructed to help understand the
acceleration process in the channel and to relate the
axial disuibutions to thruster performance.
Specific to this analysis are the definition of an ion
distribution function, careful weatment of the
electron energy equation, and momentum transfer
between neutrals and ious.

Nomenclature

(SI units unless noted otherwise)

A  Channel cross sectional area
a lonization fraction
B Magnetic field strength
¢s Random velocity of species s
¢, Themal velocity of species s
D Diffusion coefficient
& Secondary electron emission from the wall
At Time step
Az Spatial step in the axial direction
E  Electric field strength
e  Electric charge of proton
E; lonization energy
n  Thrust efficiency
n, Acceleration efficiency
n, Nonuniformity factor

n, Utilization efficiency

fs  Distribution function for species §

F  Thrust

F, Extemal force p.u. volume on species 5
[, Spitzer logarithm for species s

y lon production cost

Ip  Anode current

Isp Specific impulse

Js  Electric current for species s

Jjs  Electric current density for species §

*Graduate Student, Member AIAA
tProfessor, Member AIAA

&  Boltzmann constant
Ke Heat ransfer coefficient
L  Channel length
m  Mass flow rate
m, lon mass flow rate
me Electron mass
m; lon mass
ng Particle density for species s
n, lonization rate
i, Wall loss rate
v, Collision freq. of species s with species r
¢  Electric potential
¢, Anode potential
Qin lon-neutral collision cross section
gs Electric charge of species s
G, Thermal conduction vector for species s
S2 Source term for energy equation
o; lonization cross section
Tho Neutral inlet temperature
Ts Temperature of species s
v, Bohm velocity
v, Velocity for species s
v, Mean mass velocity for species §
W Channel width
&, Number of electrons in kth level
(

) Average value

Introduction

Hall thrusters are a type of coaxial plasma
accelerators. A radial magnetic field and an axial
voltage drop between the anode and a cathode are
externally applied. (See Figure 1) Neutral gas
(typically Xenon or Argon) flows in through slits
in the anode. [onization takes place by electron-
neutral collisions and the ions are then accelerated
axially by the electric potential. Because ionization
takes place throughout the acceleration channel,
the ions accelerate to different exit velocities
depending upon the potential difference between the
location of their birth and the cathode. A cathode
downstream of the acoelerator releases electrons into
the ion stream neutralizing the flow. A fraction of




these electrons travel both azimuthally due o the

E x B fields and drift axially toward the anode.

The numerical code developed here solves a set
of differential equations derived from taking
moments of the Boltzmann equation, Ohm's Law
and an ion distribution function. For the code, an
ion distribution function is formulated and
integrated to generate axial ion density and mean
velocity profiles. Time dependent equations for
neutral continuity and ¢lectron tempersature are
formulated. Additional equations for axial current
conservation and electric field are used in the code.

The acceleration channel is discretized into a
fixed grid of differential segments. Axial
distributions are initialized onto the grid at the
beginning of the solution routine. A convective-
diffusive, finite difference scheme is used to
integrate the set of equations in time until they
converge to a steady state solution. From the
numerical solution, the thrust and efficiency of the
thruster may be calculated.

Assumptions used in the code include plasma
quasi-neutrality throughout the accelerator and
ambipolar loss of electron-ion pairs (o the wails of
the channel. Additionally, in this one dimensional
study, the plasma is assumed uniform in the radial
and azimuthal directions.

For the cases studied, the geometry and
operational conditions of an experimental thruster
are reproduced in the code. The results produced
from the numerical analysis are then compared with
the experimental results from research performed in
Japan. (1]

This paper demonstrates that the one-
dimensional numerical code can be a useful design
and plasma analysis tool. The method is versatile
and simple enough that multiple analysis on
various thruster parameters (different anode cusrents,
mass flows, etc.) or different geometries can be
examined in a relatively short time.

Physical Model

The model for the thruster includes seven
primary equations describing the unknown variables
- neutral and electron (or ion) density, neutral, ion
and electron velocity, electron temperature and
electric field. From these values, the performance
characteristics of the thruster may be calculated.

Several assumptions are used to facilitate the
computations in this analysis. The first is that
quasi one dimensional flow exists resulting in no
variations in the radial or azimuthal directions.
Additionally, it is assumed that only one
component of electric and magnetic fields exists as
illustrated in Figure 1. Finally, the flow is

assumed to be quasi neutral in the acceleraton
channel.

Magnetic
Coils

Figure 1: Hail Thruster Diagram
Neutral Continuit

The continuity equation for neutrals is derived
by taking the first moment of Boltzmann's
equation. The resulting expression in differential
form is

on, a(nj.)_, )
—a-'—+ az =n,—n, (l)

The terms on the right represent the rate per unit
volume at which ions are lost to the wall, and the
ionization rate respectively.

The ion loss rate to the wall is calculated from
the rate at which ions enter the insulating wall
sheath:

2n. v
Ptk 2. §
A, ==5 5(z) Q)

where the Bohm velocity is given as

i
v, =e_71{ﬂ 3)
ml

In Equation 2, S(z) represents a shape factor to
account for imperfect wall-plasma contact near the
injector and has values ranging from zero near the
anode to one about halfway down the channel and
beyond.

The ionization rate is derived assuming a
Maxwellian electron distribution, a nonelastic
ionization cross section according to Drawin’s
theory (2], and integrating over all electron
energies. The resulting expressions used are




n, = Onn,5 25 @)

92

1(6) = [ e Sugluddu = e “=Lin(L 25B.u)du (5)
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Q=4g, 2zm,

(6)

E
= — 7
u 3 N
kT
9:—4 8
3 (8)

G is a constant obtained by gathering all other
constants into one and has the value for Argon of
F=1.04x10"19. The quantity () is evaluated as

QAr=2.77x10'l3 for Argon. E;is the ionization
energy, By and By are constants of order unity
introduced from Drawin’s cross-sectional theory,
and u represents the ratio of energy to the
propellants ionization energy.

Electric Field Fquation

The equation for elecron momentum is
obtained by taking the momentum moment of
Bolizmann's equations. In applying the result to
electrons, the terms due to electron inertia and the
acceleration of heated electrons may be neglected.
Additionally, variations in the radial and azimuthal
directions are ignored and Bohm diffusion is used to
obtain an effective electron collision frequency.
The resulting expression after these simplifications
is

aT, dn

nk—=+kT,—~=-en E~-16eBn,v, (9)
4 oz
29

Rewriting E as --a—z- and rearranging Equation 9,

an expression for the electric field is obtained.

den

%;:=16Bv +

To determine the ion density and velocity, a
distribution function for ions is derived. In the
absence of collisions, the Boltzmann Equation is
used to produce

Yo, A £

R mav'nts(v—u;——f(ll)

where f; is the ion distribution function and the
Dirac delta function, §. is employed so that ions
are created at the neutral velocity. In Equation 11,
7, is the ionization rate and A, is the ion loss rate
to the channel walls per unit volume. This
equation however, does not include the effects of
ion-neutral collisions. Adding in a term 10
approximate this transfer results in

a‘+v, az+m, an-n5(v v,) n,f‘+
1,0 3[ (5, - v.)8(v, - v.) (v, v,)1,] (1D

The last term of Equation 12 is derived in such a
way that it ensures conservation of ions and gives
the correct momentum exchange rate. The addition
of the factor of 1/2 preceding the {ast term is
necessary to ensure the correct momentum transfer.
Additionally, a constant value for the ion-neutral
collision cross section, Q;n, is used. Rearranging

slightly produces

aft ‘;fﬂ eEafl
az m, av,

[n +—nn Q. (U, ~ u,)]J(u,-v,)

'[n—"" E".Q«-(vt = uu)]fl 13)

Equation 13 may be solved using the method
of characteristics. The first step is to find the
characteristic trajectories and then to calculate the
rate of change of f; along them. The characteristic
system is

1 e - (s
v ;' (n’,+n,v,,)6(u,—v,;-[%"—+ v_)f,
(14)
where
1
Ve =3 Qa(v; - v,) (15)
- 1
Vo = En,QL.(v. -v, (16)




Notice that the first equality in Equation 14 simply
relates position and velocity and the second and
third terms produce the energy equation for ions.
However, the equality of interest is between the last
tWO (erms:

€ T

L(’lc +n¢Vm )5(1), - U,)“(—n‘-z'ﬁ- V.. )f- }IU‘ = idf‘
n m

an

This equation may be integrated to create a
distribution function. The integration is over the
interval from v, =C,, representing ions that were
just created, to the maximum velocity the ions
could achieve at their present location. This
maximum velocity would equal the ion velocity if
they were created at the anode and had no collisions:

v, (18)
where ¢, is the anode potential and ¢, is the
potential at the present axial location. ¢, is the

neutral speed of sound at the anode, ¢, Z kT
\J m,

so that T, =7v,,. The distribution function is
solved for each particular location z. Foreach v,
there is a different z,, or location where the ion was
created, such that

0(z,) = 0(2) + (v} - B2,) (19)
2e
The sotution (o Equation 17 is
Il +n V ) -:"j-li{ '-“d"i
f.(v.)=[ o ] e 20)
) Zols

In the integral appearing in Equation 20, the

. n .
quantities £, == and v, are evaluated at the time

¢
’

" and locaton 2’ at which an ion with velocity
v, at (2, 1) went through velocity v’. Thus, v/
acts as the dummy variable of integration and as a
parameter specifying the integrand. The time and
focation (zy. #p) are simply the (2°, ¢’) at which
this particular ion was created and at which
/=1,. Also, note that the neutral speed v, is
to be evaluated at ( 2, ¢') as well.
The ion distribution function, integrated over
velocity, produces the ion or electron density

v U

n(z)= jfdu 20

The mass average ion velocity can be found
by multiplying the right side of Equation 20 by v

and integrating

VTV
nv(z= Iv,f,dvi (22)

Neytral Velocity
Due to ion-neutral collisions,

momentum is transferred from the tons to ‘the
neutrals resulting in an increase in the neutral
velocity and a decrease in the ion velocity. For
simplicity, the neutral velocities are all lumped
together into their mean velocity , v, so that a
neutral distribution function does not need to be
created. The neutral momentum conservation
equation may be written as

d(1 )
g (am)=m.

Mip is the momentum change due to collisions
and, assuming the same mass for both neutrals and
ions, can be defined as

(23)

M, =]: —';-'-n,(v, -v,)0.
[2.(T, - v.)8(u, - v,) - (v, - v, ). Jdv, 24

Here Q,p is the collision cross section and for
Argon Q;z=1.4x10"18 m3. Equation 24 satisfies
the zeroth moment of the Boltzmann equauon and
produces the correct answer for the first
(momentum) moment, but is invalid at higher
moments. Simplifying and solving Equation 24
yields

M, = %an,, I( v, - v,) fdy, (25)

0

and evaluating the integral
M, -—n n,Q. (( )2> (26)

The term within < > represents the averaged value
of the quantity inside. Thus, Equation 23 may be
written as

D,(2)=y&, +A( 2n




where A, is given as

8,0 nflv-v) ) o®

)

Electron Energy Equation

A towal energy equation for electrons may be
obtained by taking the energy moment of
Boltzmann's equation and adding it to the dot
product of the electron velocity and electron
momentum. The resuluing expression

irsm 2LT+U—'2 +
al " \2m, "2

3 k

2m 2

[

v [n,m,ﬁf(——-ﬂ +—U’L.]+c7,]+v-(n,k7',§,)=52
L

(29)

represents the total electron energy. The term g,
is the thermal conduction vector

30

The right side source term includes energy lost to
collisions, to the wall, and the energy gained due to

the electric field ( f E). This equation may be
simplified by introducing the variable X
representing the total energy density, defined as

X=nm|3Xr 2030 G
2m T2 )72

So that Equation 29 may be rewritten as

%“X-+V-[B'X+q,]+V~(n,kT,6,)=S: (32)

Rearranging and expanding equation 32, its
differential form is obtained as

é.&q.M-}.(kn v _éﬁ.).a_r_’
ot 9z Y 9z ) oz
3T d(n,v,)
-K, —==85, kT, ——= (33)
o " o
d(n,v,)
Here the term KT, 7 has been moved to the

right hand side as a source term since il contains no
lemperature term.

The term K, is the heat conduction coefficient
and described as a sum of two limiting models.
The first is due to collisions and is the “classical”
descripuon in the presence of a strong magnetic
field [2).

5

2
K, =2.689x10" —t—

T (34)
where
T}
r,=124x10’ = (35)
eB
B= — (36)

The alternative heat conduction coefficient is
derived according to Bohm diffusion.

1 k°n,T
) 5 ————tt an
“ 2rn ¢B

Summing these two thermal conductivities
produces the effective heat transfer coefficient.

K: = Kal + Kvl (38)
In Equation 38, because the Hall parameter, 3, is
large K, = K,; and Bohm diffusion is the driving
model for heat conduction.

The source terms for the energy equation
include energy lost to the wall, energy fost in
ionization and energy imparted to the plasma by the
electric field. The energy input from the electric
field is given as

- = ¢
, E=-en uE=env, — 39)
J en,u E» (
Energy lost to ionization is
(14 v)eEn, (40)

Where the term (1+ y) represents the net energy

cost for each ion produced. For these calculations,
a value of y=3 is selected based on a more
detailed analysis {3].

The energy lost to the wall consists of two
electron fluxes. one into and one away from the
wall, as shown in Figure 2. The first term,
Equation 41, represents the energy lost by the
elecuron flux to the wall and the second is the
cnergy flux carried by the secondary electrons
emitted at the wall back into the plasma.
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Figure 2 Wall fluxes
Mg =-T,(2eT, +e9.) (41)
Fg =T,edo, (42)
where
=i, (43)
4
1
¢ = (Eﬂ] (44)
T m,

and & is the secondary emission coefficient. The
total energy lost to the wall is given as

Y re =-el 2T +(1-8)¢.] @49

The term T represents the electron temperature in

e

electron volts, and @, is the potential drop at the
wall, given by [, =(1-8)F, and T, =n,v,,

which is valid for 9, >T, or 1-6> /27:1:1—’.

This gives

1
et | 8m
=T’ 155_‘_'_ (46)
o i { )4 m,

Equation 41 and 42 are represented in terms of the

electron flux to the wall, but by using

[ ={(1-8)r,, they may be rewritten in terms of

the flux of ions to the wall or the ion wall loss

defined in Equation 2:

‘ ]
\ (47

yr. = —enw[—g—r’f+o,
; i-0

-

Summing all the energy sources gives the total
energy source term for Equation 33

20 ( [ 2T P
S.=en vy —- 1 E Bl SRS i
:=en,u, =" el (1+7) MR TS0

-

(48)
Channei Cyrrent

An additional relation for the plasma
properties in the channel i1s one for current
conservation where

-l‘-=j‘ +j, =en¥ —env (49)

A [ 4

{q is the anode current and j; and j¢ are current
densities. The equation could also be written in the
form Ig = J; + J¢ 10 use cunents. The ion current
J; at the exit, is sometimes referred to as the beam
current /p. Figure 3 diagrams the currents in the
thruster. At the cathode, a part I of the emitzed
electrons, are required to neutralize the current of /p
ions. At the anode, the rest of the cathode electrons
and the electrons produced by ionization, /p , equals
the anode current Iz .

Anode || g—- .—.’"

Figure 3 Hall Thruster Current Diagram

Performance Characteristics

The thrust produced by the thruster can be
calculated knowing the exit and inlet conditions.
The thrust is derived as

F= »'1‘(3

lewt

-z )+m (3, -0 )+
exzt

k(n,T,)_ A+ 52- ELA  (50)

The specific impulse and thrust efficiency are
calculated respectively by




1=+ S1)
mg
FZ
= (52)
T 2mi, ¢,

Here m is the mass flow, g gravitational
acceleration, and Iz and ¢, the acceleration current
and potential.

To further define the flow efficiencies. three
internal efficiencies are introduced as given by
Komurasaki et. al. [1].

n =— (53)
m
I,
=2 (54)
=T
n, = ;L(f.) (55)
L€ ’n’

n, is the propellant utilization efficiency, 1, the
primary electron utilization and 7, a non

uniformity factor representing the distribution in
exit velocities. 17, penalizes the acceleration of
ions over only part of the potential. m, is the ion
mass flow rate and /p the beam current.

Subsequently, by their definition, the thrust
efficiency may be expressed as the product of the
intemal efficiencies

n=mn,n.nm, (56)

Geometric Model

The geometric dimensions of the thruster
chosen for verification of the model [1] are shown
in Figure 4. The thruster has an inner radius of 2
c¢m. an outer radius of 2.4 cm, and accelerator
length of 8 mm. The flow analysis extends out
into the plume, where 6 mm past the accelerator
channel exit plane, the cathode is located. The
accelerator channel has a constant area to the
physical exit. Beyond the exit, ions are stll lost to
a fictitious wall but no wall recombination takes
place.

I i B | Conditions

The inputs to the code include the mass tlow,
magnetic field, anode curreat, neutral inlet
temperature, and an initial or pre-ionization factor.
From these parameters, the ion and neutral densities
and ion, electron and neutral velocities at the anode
may be computed and used as boundary conditions.

Additional boundary conditions at the end of the
grid are that the electric field goes to zero, the
electron temperature equals 1€V and the slope of the
electron temperature is zero. This compnises a set
of boundary conditions for six first order and one
seoond order equation.
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24mm Accelerator
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Figure 4: Thruster Geometry
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Numerical Model

The numerical model consist of a fixed spatial
grid of eighty tixed intervals. Velocity is broken
up into a scaleable grid of eighty intervals between
v, and v__ . The neutral continuity equation

{Equation 1) and the electron iemperature equation
(Equation 33) are integrated using MacCormack’s
method (4], a second-order accurate predictor-
corrector method. The time step for a purely
convective equation (Equation 1) is given by the
Courant-Freidrichs-Lowy condition [4) as

A, s 22 ty)

Vi

The time step for a conductive-diffusive equation
(Equation 33) given by Anderson is

(Az)’
kn,v, ~ i;& +2K,
0z

Aty S (58)

The ratio of these two time steps Af./ Az,=N can
be on the order of tens of thousands. For this
reason, the electron energy equation is integrated N
times for each time the other plasma equations are
integrated and solved.

The flow path for the program is outlined in
Figure 5. All the plasma propertied are set to some
initial value close to what the answer is believed to
be. The electric field is then frozen. The time
steps and source terms are evaluated using the
values of the previous time step. Then the neutral
conservation and momentum equations and ion
distribution function are solved. The electron
temperature equation is integrated N times and the
plasma densities are checked for convergence. If the




densities have not converged, time is advanced one
step and the equations solved again. If the densities
have converged then the electric field equation is
solved and checked for convergence. If it has not
converged the electric field is frozen at its new
value and the plasma properties solved again, If the
electric field has converged the results are printed to
a file.

Initialize
Plasma Parameters

=

Solve Source -
Tenms

Y

Intergrate Transient Eqs.
Solve Distribution Fn.

Y

Integrate Electron Energy
Eqg. N Times

Transient
Equations
Converged?

Solve for
Electric Field

Electric

Output results

Figure 5: Program Flow Path

Typically, the time step calculated is of the
order At=10-8 seconds. except, as noted, for the
electron temperature equation. The computational
time for a sofution is on the order ot 1075 o 10°4
seconds and the time for an ion to flow from the
anode 1o the exit is of the order of 100 seconds.

Results

For all the runs presented here, the working
gas is Argon with a mass flow of 2.0Aeq

(8.283x10°7 kg/s). The average magnetic field is
0.1 Tesla with a minimum value of 0.093 T and
maximum of 0.105. The loss shape factor used in
Equation 2 has the profile shown in Figure 6 and is
the same for all the numerical runs. The secondary
electron emission from the wall, §, is set to 0.6
and a value of 3 is used for y.

1
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Figure 6: Shape Factor Profile

For this run, {3=1.5Amps and the initial
ionization fraction was chosen as 0.007. The
numerical results are compared, when the data was
given, to the results from Komurasaki where the
two dimensional profiles have been averaged over
the radial direction for several axial locations.
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Figure 7: lon Density

Figures 7 through 11 show the profiles of the
plasma properties. In Figure 7, the ion density
rises more quickly than the experimental values.
This is most likely due to incorrect modeling of the
shape profile near the anode, in that there are
actually more losses to the wall than modeled.
However, the density reaches the same maximum
density that the data does. The numerical results
peak and fall off earlier than the data which




indicates that either the ionization rate is too low in
this region or the wall loss is too large. The rapid
falling off is more likely due to the ionization rate.
which is lower than expected in the exit region.
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Figure 8: lonization Rate

The ionization rate (Figure 8) reaches its
maximum quickly and drops away smoothly after
that. The peak is reached early in the channel
where, even though the ion density is low,
temperature and neutral density are at or near their
maxima.

Figure 9 shows the ion and neutral velocity.
The neutral velocity increases fairly constantly due
to the ion-neutral collisions. The ion velocity
shows a slope discontinuity at the channel exit (8
mm location). This is due to continued expansion
and acceleration of the plasma without any wall
losses. As Figure 10 shows, from the accelerator
exit to the end of the computational grid, the
potential drops less than half of the anode potential,
while the ion velocity almost doubles. This is due
to the majority of ions actually having a smaller
velocity than their mean. These ions then benefit
more in the remaining potential drop that those
ions with velocities greater than their mean.
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Figure 9: Heavy Panticle Velocity

0

Figure 10 demonstrates that the numerical
code accurately calculates the anode potential, but

that the potential drops away slightly quicker than
the data. This indicates that over the accelerating
channel. the electric field calculated is higher than
in the experiment, while it is smaller outside the
channel.
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Figure 10: Potential
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The electron temperature (Figure 11) peaks
near the anode at almost fifieen electron volts. The
data points shown in this case represent the channel
centerline values and not channel averaged values.
The experimental temperature at the anode is
slightly lower and could be due to several factors.
The first is that the computed electric field is too
large in this area and the ionization rate and wall
losses are too small. Another explanation is that
the value selected for gamma is too small and does
not accurately account for secondary ionization.

Performance Comparison

The performance comparison was conducted to
check the numerical code’s validity at predicting the
performance characteristics of the thruster over a
wide range of operating powers. For this analysis,
the average magnetic field remained at 0.1 Tesla,
the mass flow was held at 2.0 Aeq while the anode




current was varied between 0.75 and 2.5 Amps to
alter the operating power levels.

Figure 12 shows the resulis from this study.
The efficiency was found to vary from 4.5% at an
anode current of 0.75 Amps to almost 11% at 2.5
Amps. Over this same range. t1e anode potential
increases from 127 Volts to 225 Volts and the
propellant utilizauon efficiency rises from 24% to
74%. Both the acceleration efficiency and
nonuniformity factor are relatively constant over
the range studied, with values 0.25 and 0.6
respectively. Their insensitivity to the accelerating
current agrees with results and conclusions from
Komurasaki's analysis.

14
12

® 10

§ 3

S 6

30
4 : T ;
2 LLlillllllLlLAlLlJLilllj
200 400 600, 800 1000 1200 1400

Specific Impulse (sec)
° Komurasaki Data — Komurasaki Data Fit

* Numerical Resuits
Figure 12: Performance Results

Conclusions

The purpose of this study was 1o create a
relatively simple yet versatile code for the analysis
of a Hall thruster. The code produced demonstrates
a high level of accuracy in both predicting the
plasma properties in the acceleration channel and in
calculating the performance characteristics of the
thruster. In the course of developing the code, a
model was constructed of the ion distribution
function accounting for momentum transfer
between heavy species and for the effect of wall
losses. Further studies will test the code over a
wider range of operating conditions and model other
thruster geometries to test its full viability.
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stract

Theoretical and computational predictions of
MPD thruster efficiency are substantially higher
than expenmental messurements for comparable ge-
ometries. One reason for this discrepancy is the large
anode voltage drops found in experiments but not in
current models. This paper shows that these voltage
drops could be occuring in the quasi-neutral near an-
ode region of the plasma. These near anode drops
anse because of starvation of the plasma. A one
dimensional analytical model is vsed to show that
these voltage drops may, in pnnciple, exist. A com-
putational axisymmetric thruster simulation is used
to show that the voltage drops which arise by this
mechanism show good agreement with experimental
data.
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(] Heat conduction coefficient.
v Viscosity coefficient.

Note: The subscripts e,n,i, and g refer to electrons,
neutrals, ions, and heavy species respectively. When
used as subscripts or otherwise, r, 8, and z refer to
the coordinate directions.

1 Introduction

Magnetoplasmadynamic (MPD) thrusters have
been considered as a means of propuision for space-
craft on long missions for the past thirty years. MPD
thrusters produce thrust in the range of 1.100 New-
tons at specific impulses ranging from 1000-5000 sec-
onds. They are expected to be most efficient at
power levels on the order of MegaWatts. However,
the experimentally measured efficiency of these de-
vices is too low for them to be attractive for space
use. Experiments show efficiencies under 30% in al-
most all cases [17, 10]. These experimental measure-
ments ate much lower than efficiencies predicted by
theoretical or computational means (12, 14]. As the
devices are run at fixed currents, the efficiency is a
function oaly of the jet power and the voltage be-
tween the electrodes. Computational and analyti-
cal predictions of jet power are usually quite good
{11, 14). Therefore, the discrepancy in efficiency
must arise due to low voitage predictions by the var-
ious models. Recent experiments have shown that a
large component of the voltage drop in experimental
devices takes place very near the anode and results
mainly in heating of the anode (5, 7).

This paper attempts to show that these voliage
drops may be a result of starvation of the near anode
plasma. Section 2 details the mechanism by which
these drops arise. Section 3 describes an analytical
model which gives some insight into the physics of
the voltage drops. Section 4 describes a computa-
tional model of MPD thrusters. Section 5 presents
tesults from that simulation showing good agree-
ment between numerically predicted and experimen-
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tally measured voltage drops.

2 Theory

If there were such a thing as an ideal thruster with-
out the Hall effect, there would be no axial current
and the current would run straight from electrode
to electrode. However, due to the Hall effect there
is axial current, the magnitude of which is approxi-
mately given by

7~ oB.

(1)

where 3 = ﬂ%-l is the Hall parameter and the mag-
netic field is into the plane of the thruster and so
has a negative sign. Since the Hall parameter is in-
versely proportional to the electron number density,
3 and J, increase as n, decreases. Increased axial
current leads to higher radial Lorentz force, which
must be approximately balanced by a radial pressure
gradient:

n k(T + T, )
8r

Since J, and By are both negative and 7, and 7} are
expected to be relatively constant, the radial gra-
dient of n, must be negative. Therefore, n, must
decrease dramatically in the radial direction if J, is
large, as

—J,B,. ()

on, J: B

8 = KT +Ty)
So, low electron number density and high axial cur-
rent can build on each other and lead to anode star-
vation.

Once the anode becomes starved, large radial elec-
tric fields will develop, as seen from Ohm’s Law. The
Hall component of the radial field, which is dominant
in the starved region, is given by

1 8P,
E, = "e—n':(JxBo + F;) (3)

Since n, is small and J, is large, the radial elec-
tric field can be quite large. Starvation has been
observed experimentally {9]. However, the width of
the starved region, and therefore the extent of the
voltage drop across it, has not been experimentally
determined. If this field is large enough and occurs
over a wide enough region, the voltage drop across
the starved region can be sigaificant.

3 Analytical Model

Probably the first model of anode starvation is
that of Bakhst. Bakhst’s [2] focus was on deter-
mining when starvation occurs, but his model also

" predicts the resulting voitage drop. Bakhst assumes

that the axial electric field is zero with the axial
electron pressure gradient and ion velocity neglected.
Assuming that the ion and electron temperatures are
constant radially and combining equations | and 2
yields

on, oB}J,

Br  enek(T. + Tp) (4)
If By and J, are constant radially then

_ [20B}J.(r=7)
n(r) = \/*‘m + Neo- (5)
From equation 3, the contribution to the radial elec-

tric field from the Hall and electron pressure terms
is then

UB:J, T!
(e"‘c)z T. + T,

The potential drop across the near anode layer is
then given by

(6)

E,ga1 =

AV (anode) = / " Edr

Pouter

(T, + T,)en,o
('ouu, - '.)2083-’ + k(T. + T,)en
m
Bakhst assumes that the anode current density will
be due to the random electron thermal flux to the
wall, so that

kT, "

4J,
Neo = -z-

Bakhst’s model can be used to predict the an-
ode voltage drop between the anode and the last
inner point of the simulation described in Section
5. At a point midway down the electrode, T, =
23,000K,T, = 3200K, By = 0.0726T, ¢ = 3580
and J, = —2.08 x 10~% 4, So, € = 591, ooom/.
and, to get the right thermal flux, n.o = 8.8 x 103°,
The last interior point is 0.1 mm away from the an-
ode at ro = 0.072m. The Bakhst model predicts a
potential drop over the last cell of -1.09 Volts. The
distribution of the electron number density, the ra-
dial electric field, and the potential drop are shown
in Figures 1 - 3.

However, this Bakhst formulation neglects a num-
ber of effects, particularly in the transverse momen-
tum equation. A somewhat more complete model
has been developed. This model also assumes that
the axial electric field is zero throughout the near
anode region,

1 8r B.
pipor Gr

1 8 B}

=V
wBo + en, 8z 2uo

gy LY
(8)
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where electron-neutral collisions have been ne-
glected. The transverse momentum equation for the
charged species is modified by including the contri-
bution due to ion-ion viscosity, S;, so that

ome _ 1
Br  k(T, + T.)

B. 31-8,

Tt S| @)

Even though the ion-neutral viscosity is 2-5 times
larger than the ion-ion viscosity, due to the low ion-
ization fraction, the radial gradients of the ion veloc-
ity are 100-1000 times larger than those of the neu-
teal velocity. Therefore, the viscosity source term,
given in complete form in Section 4 will be assumed
to be given by

4 8V,
Sir = ”uaz-

Over the small transverse region being modeled,
the change in the axial flow must be relatively small.
Therefore,

]
—piVip =0 10
81‘p‘ i ( )
Taking the appropriate derivatives,
82Vo’r _ V;v 82[’1

ZVW apl 2
873 —-;.- 81'3 ( )

The radial momentum equation can then be writ-
ten as

8n, 2 8n,, 3n, 9n,
gr? ﬂ_c(.a'-) " 4ui Vi, [B.J‘ T+ L) or
(11)
where
Ji =0 (Vi By + 22980 —1—-‘17;.1:1']
en.uo 9z en, 8
The magnetic field is given by
9rB,
9r I‘Ofo (12)

and the Hall component of the radial electric field is
given by

(13)

E, Han = -e—- [BoJ; + kT, 8n,] .
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In order to match the Bakhst theory, the magnetic
field and the electron number density at the anode
were chosen as two of the boundary conditions. The
third boundary condition was that the radial deriva-
tive of n, was zero at the outer edge of the layer. For
the same T,, T, and o as used for the Bakhst model
and with additional conditions that v;; = 7.3 x 10~¢
and V;,(d) = ¥} at the wall and assuming %’—z‘ =0,
the solutions for this modified theory are given along

- with the Bakhst results in Figures 1 - 3. The solu-

tions were obtained by shooting with a variable step
sise Runge-Kutta algorithm. The total Hall poten-
tial drop across the near anode region predicted by
this model is -9.68 Volts. The difference between
the two models is due to the lower electron number
density over the layer predicted by the modified the-
ory. The modified theory predicts lower n, because
the total pressure (fluid and magnetic) away from
the anode is less than that at the anode due to vis-
cous dissipation. Lower total pressure for constant
temperatures implies lower electron number density.

4 Computational Model

A three fluid simulation of MPD thrusters has
been developed and used to show that anode star-
vation can lead to voltage drops of the same magni-
tude seen experimentally. The simulation assumes
that the plasma is quasi-neutral. The geometry is
assumed to be cylindrical, with no variation in the
azimuthal direction. The magnetic field is assumed
to be confined to the asimuthal direction. The elec-
tric field, the currernt, and the velocity all have com-
ponents in both in plane directions. The plasma
is treated as being out of equilibrium, in that the
electrzon and heavy species temperatures are treated
separately and coupled only by elastic collisional en-
ergy transfer, the ionigation fraction is not deter-
mined by Saha equilibrium, but by balancing ion
flow with ionization and recombination collisions,
and the ion and neutral velocities are coupled only
by collisional drag. The governing equations and the
relevant source terms are described below.

4.1 Governing Equations

Incorporating the above assumptions yields a model
consisting of nine partial differential equations.
There are eight differential equations for the fluid
variables and one for the magnetic field.

on, + 8("1Vw) B(ncvu) —fp + 7 n,Vir
ot or 8z RY A==
(14)
and
8n, 8(nnVnr) 8(“1; nx) naVa,
Bt T e a2 “h AR - —
(15)

where 1 represents the number of recombination
events and ny represents the number of ionization
events. As mentioned above, the plasma is assumed
to be quasi-neutral, so that n, is used in place of n;.
1t is useful to define the global density,

P =M, + MR + Mty = Ma(n, + Ny).




[t is convenient to define the global velocity, the cur-
rent, and the neutral slip velocity, where, respec-
tively,

men Ve + min, Vi + man,V,

V= z aVi+(1-a)V,
P
with
— Te
- Re + Ny '
J=-en,(V,-V,)
U=V;-V,.

The state equation for each species is assumed to be
given by
P, = nkT,. (16)

Therefore, the neutral momentum equations are

a(pﬂvvu) + 8(an,3, + P'l) + a(pﬁv"'v'")
ot r 8z

= Sane + Snir + Kni(Vie — Vo) + Kne(Ver — Vo)
~ Arma Vo, + pma Vi, — p_,.:_V:, (17)
and
onVas) | OpaVarVus)  8(pnVas + Po)
o Or Oz
= Sans + Sniz + Kai(Vie — Vai) + Kne(Ves — Vi)
— Aymp Vo, + apmaV;, — % (18)

where Sn¢s and Spe, represent the viscous terms and
K., =n,m,v,e = Ky,

m‘—'l - m;—l + m'—‘
and )
Vot = n¢C Qe

The electron momentum equations are used to de-
rive the Ohm’s laws, given by
1 8P,

J
en.( +Be + 8r

Jr

E, =V;; By — '0'_'

)+

(19)

. 1 &P, A
Ex - _‘,wBO en.( 8z - JrB') + P (20)

These equations can be used to replace the electric
field term in the ion momentum equation. Doing
this yields the ambipolar momentum equations

8(paW,)+8(p.'V.~3 + P; +P.)+8(p.-V.-,".-.) _

-J
ot o 8z +Bo
+Sic‘r + sinr + Kin(Vnr - V.,) + Ken(an - Vn)
. . V2
+ rymi Vo, ~ Rpmy Vi — P.r... (21)

“and
piVis) a(P.V.,V“) 3(A"-3+P.+P.)
P + o + Bz = J, By
+Siix + sivu + Kiu(vvu - Vu) + Kul(vvu - Vex)
+npmiV,, ~ apm; Vi, — &"";"_‘ (22)

If T; = T, then the overall heavy species energy
equation is

8(3P,) , 83AV.) B3RV 8V, 8V,
5w T e t T3 + Py( 5t 3;.)
= m..(K“ +Kae)(Te—Tg) + #+mi+ ke — 3 "

+ 3 [Kni + Kin + mir +50)| (U2 +U2). (23)

whete Ty, =T, =T, and P, = -_:—__pT,.

Using the electron continuity equation the energy
equation can be rewritten in non-conservative form
as

3 AT, 3T, 8T, V., 0OV
ekl + Ve gy Vg TG+ )

3k J3
= (Kl( + Kcﬂ) [;"(T, - T.)] + Ky <+ *;—
J-U 3 P,V,
I 2" )—n == _aTe
From Maxwell’s equations,

8B, 8E, A OF,

R PR (28)
The scalar components of the cuzrent are given by
_ 108B,
J' — "; 9z (26)
d
an _1_01'3. _ _I_OB. +-_.’ (21
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4.2 Source Terms

Because of the substantial slip between neutrals and
ions, the viscous source terms are more complex than
those in the one fluid Navier-Stokes equations. A
derivation and expression for these terms was found
in a recent paper by Fernandes and Fernandes(3].
According to their derivation the non-isotropic part
of the pressure tensor is given by

N, =2vVoV;+2u,,VoV,. (28)
where the operator V o V is the symmetric traceless
gradient of V given by (4]

VoV, =¥V, - %(V-V,)IE T, (29




Expanding the various derivatives yields the viscous
source terms [1],

4 8%V, + #Vi,
3 6r2 83

3
Setr = Vst [ 19 V“]

+ 3 9rd:

40V, v, Bv,, Vv, 8v,,
3 67 (7+ or )+ 8z 38:

WV, Buye 28V Ou,e 2V, Ov,, Vst
Br 8z 30z or 3¢l T2y ) (30
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S v 40V, 8%, + 18%V,
s = Vet 137551 or3 3 878:
8Vtr 1 Vst 8"01) 2 8V, B,
Or 3 0r Oz
_ 2& avn avtx (avu Vst 4 avu OVM (31)
3 r Oz or 3 8z

The pressure tensor also appears in the energy
equations. The non-diagonal terms of the pressure
tensor are buried in :he viscous dissipaton term and
are given by [1]

=arb=Y [0 +0m) (S0 520

Vieva . (Vs a2 Ve 8V,
+(r)+(82)— r Or
v,, 8V,, V,, 8V,, ,, 8V, .,
T 8r 8z —_1'—8:)-’-(8: + Br)
(32)
The various viscosity coefficients are given by(3]
2 a(l - a)v,
we= (oG +a)+ 22y, )

a(l - a)v.

2
Van = [(1 - 0)2(5 +a;) + —————— ]/q" (34)
and 2
Vin = Un; = afl - ol)(5 —-ai)/q (35)
where
2 a? (1-a)? 8a.
91—(§+ai)['v_'_'+'—_—"]+ (1- a)[ 3v
_SAT,
"7 sl
kT,
h aqfld’
and (3.2)
= Sl
= qnh
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The collision integrals {1 are given by [4]

n(l_n') ( kT’ ), /“ —8' 2'+3Q(‘)d 36
ij = 2 my; A ¢ g iy g. ( )
The neutral-neutral and ion-neutral collisions will
be modeled as hard sphere collisions. Using exper-
imental values frsm Lieberman and Velikovich |13],
the relevant cross sections are given by

Q(z) Qupcnmcnt‘l _(1'7 x 10'“T;%) (37)
and
Q(I) Q::panwunld (l 4 x lo—ll) (38)

All units in the thesis are MKS unless otherwise
noted. For the ion-ion collisions the integrals can
be approximated using the Coulomb interaction po-
tential cut off at the Debye length. From Fersiger
and Kaper again,

(2.:) 1 2thT, 2
s 4( ) (h‘e AT, )

I, =1.24x 107 —72. (40)
Re

The heat conduction terms x, are given by x, =
~V - Hg. The heat flux vector, H is

ml,  (39)

where

Hg = -96,VT,. ~(41)

where © represents the thermal conductivity. So,
the contribution from the heat conduction terms is

8T, 8T,]) 6T, 60, OT, 80,
Piy >y = S = N R =y 8r+82 8z
(42)
From Mitchner and Kruger [15], the thermal con-
ductivity for the electrons is given by

24 kT,
1+ 7;-;*; Mooy

For the heavy species the thermal conductivity is
given similarly by

e, = (43)

sz [ Nn + Ne ]
= "‘l‘C, NnQan +1eQin  MeQii + NnQin
(44)
where T
=& Boi
Qu = 32xe3k3 T3’ (43)
and
C, = 8AT,

rm,




Sheppard [16] has developed a fit to a multilevel
model which compares well with experiment. His

recombination coefficient, R, for Argon is given by
(16]

R = 8.25 x 10~ 43¢18276(log 1335 - 3.95)° (46)
The recombination rate is then given by

g = Rnd.

By detailed balancing, the ionization rate is then
given by
nr = RSn.n,,

where

S$=29x IO"T,* exp (:ki'.l‘gl)

5 Computational Results

The experimental device on which this research
concentrated was the Constant Area Channel (CAC)
studied by Heimerdinger, Kilfoyle, and Martines-
Sanches (7, 8, 6, 9]. However, the bulk of the ex-
perimental work reported by Heimeringer et. al. in-
volved the Fully Flared Cathode (FFC), which dif-
fered from the CAC in the shape of the cathode,
but was the same device in other respects. Results
from the two thrusters will be treated somewhat in-
terchangeably in the following discussion. Where
necessary, a distinction will be drawn between the
two devices.

The physical thruster was an axisymmetric device
with the cathode as the inner electrode. Both the
cathode and anode were 0.09 m long, with a constant
outer radius for the cathode of the CAC of 0.053 m
and a constant inner radius for the anode of 0.072 m.
The FFC had a cathode which varied from 0.042 m
outer radius at the inlet to 0.053 m at the throat to
0.033 m at the thruster exit. Currents ranged from
20 kA to 60 kA with a mass flow of 4 x 107342
Onset appeared to occur at approximately 60 kA.

The numerical thruster is depicted in Figure 4. It
consists of two concentric cylinders, of which the first
0.109 m of each is conducting, followed by a short
insulating section of 0.031 m. The interelectrode gap
is 0.02 m, with a cathode inner radius of 0.052 m.
The plume is not included in the simulation. The
mass flow of 4 x10~3 kg/s is assumed to be injected
through the whole backplate, with the mass flow per
unit area constant at all radial locations. A number
of diffezent current levels, ranging from 23.4 kA up
to 39.0 kA, were simulated. These currents are all
well below the onset condition but span the region
where iarge anode voltage drops develop.

As discussed in Section 1, simple theories and
numerical models of MPD thrusters have always
significantly underpredicted the total voltage of
thrusters as observed in experiments. The data from
Heimerdinger, as well as from other experiments dis-
cussed previously, indicate that the total voltage is
distributed between a cathode fall voltage, a bulk
plasma voltage, and an anode fall voltage. None of
the existing theoretical or numerical results show the
anode and cathode fall voltages, or adequately ex-
plain the cause of the anode falls. This is why the
theoretical and numerical results predict voltages so
much lower than those observed experimentally.

The model and simulation used in this research
however does seem to reproduce the anode voltage
drop behaviour seen by Heimerdinger. The anode
voltage drops seen in the simulation occur in the
quasi-neutral bulk plasma very near the anode. The
voltage drops appear even though the model uses
fluid equations and does not include the non-neutral
anode sheath. These voltage drops occur because of
the basic mechanism outlined in Section 3, as will
be shown by the data presented herein.

Figure 5 shows the current lines for the baseline
case, with the concentration of lines a measure of
the current density. The plot is drawn so that the
axial and radial dimensions are roughly in the cor-
rect proportions. The numbers on the plot indicate
the approximate percentage of current enclosed by
the nearest contour. As can be seen, the current is
highly skewed near the anode, turning almost paral-
lel to the electrode. This is because the axial com-
ponent of the current is substantially lazger than the
radial component. The axial component is so lazge
because the Hall parameter near the anode is quite
lazge, reaching values as high as 100.

The Hall parameter is so high because of the low
electron number density. The electron number den-
sity along five radial cuts is shown in Figure 6. The
cuts are at the axial locations shown in the figure
key. The electron number density decays from a
maximum of 2 x 102*m~% near the cathode to a
minimum of 1 x 10®m~2 at the anode. The elec-
tron number density is dropping because both the
ionization fraction and the total mass density are
dropping near the anode. The ionisation fraction
is low near both the cathode and the anode due
to recombination of the ions at the wall. The low
ionization fraction near the cathode, and the slight
(relatively) drop in electron density theze leads to a
small cathode voltage drop.

The electron number density near the anode is so
low because the plasma has been turned away from
the anode by the radial Lorents force. This turn is
shown in Figure 8 where there is a region of large
negative radial velocity near the backplate. Num-




bers on the plot show values at the local minima
(-582,-177,-61,-346 m/sec) and the maximum value
(754 m/sec). It is also illustrated by the stream-
lines, shown as the dotted lines in Figure 10. This
turn leads to depletion of the plasma near the an-
ode, as shown by the isobars (solid lines) of Fig-
ure 10. As shown by the streamlines, the plasma
then turns back so that it is flowing clmcst par-
allel to the anode. This turn is accompanied by
a drop in Mach number, to subsonic speeds along
some streamlines. The initial acceleration and sub-
sequent drop in Mach number are shown in Figure
9, contours of constant Mach number. The label A
is at a local maximum of 1.57. As shown by the
labelled Mach 1 contour, along a number of axial
lines the plasma is dropping from supersonic to sub-
sonic speeds. Along streamlines near the anode the
plasma first sees decreasing pressure as it acceler-
ates, and then increasing pressure as the streamlines
straighten out. The current lines (solid lines) and
constant potential contours (dotted lines) shown in
Figure 11, also show a sharp transition in this region.
Both 0.1 mm from the anode and along a ridge of
high Hall parametcr between 3 = 0.0015 and 3 =
0.0075, the lines run almost parallel to each other,
parallel to the anode very near the anode, and par-
allel to the backplate along the ridge. Further along
the channel, as the pressure increases and the Hall
parameter decreases, the angle between the lines be-
comes larger.

When the plasma parameters at the last inte-
rior point are input to the near anode boundary
equations, they predict significant voltage drops, as
shown in Figure 12, transverse cuts of the potential
drop.

How do the anode voltage drops behave at dif-
ferent currents? Heimerdinger[7] directly measured
the anode voltage drop over a range of currents in
the FFC and at 60kA in the CAC. The measured
voltage drop is the difference between the potential
measured 2 mm from the anode at an axial loca-
tion of 0.043 m from the inlet, and the potential at
the anode. His data are shown in Figure 13. The
data show that at low applied currents, anode volt-
age drops are negligible or non-existent. As the ap-
plied current is increased, the voltage drops appear
and increase with increasing applied current. The
anode drops seem to level out as the total current
is increased past 50-55 kA, although the large error
bars make this difficult to ascertain. The one data
point available for the CAC seems to indicate that
the anode voltage drop in this thruster is somewhat
smaller than in the FFC. In general, the anode drops
seem to account for 50 - 75 % of the total terminal
voltage in those cases for which the anode seems to
be starved, i.e. for currents above 25 kA or so.

The numerically predicted voltage drops behave
in & similar manper. Simulations were performed
for the CAC at currents of 23.4 kA, 27.3 kA, 31.2
kA, 35.9 kA, and 39.0 kA. The computed numerical
voltage drops are also plotted in Figure 13. At 23.4
kA, the voltage drops are quite small. As current is
increased, the numerically predicted anode voltage
drops grow, like the experimental data. The total
potential drops from the experimental data and the
numerical simulation are shown in Figure 14. Agree-
ment gets better as the current is increased, although
whether this trend will continue with current beyond
39 kA is unclear. The reason for the large discrep-
ancy at low currents is also unclear. Possibly this
is due to artificial ignition of the plasma in the low
current numerical cases, due to the lower limit on
ionisation fraction. It might also be due to excessive
damping in the numerical simulation at low Mach
numbers.

6 Conclusions

The analytical results demonstrate that starvation
of the near anode plasma could result in significant
voitage drops in the quasi neutral plasma. The com-
putational results show that this mechanism causes
voltage drops with behaviour and magnitude similar
to those in an experimental device. As these voltage
drops are a major cause of thruster inefficiency, un-
derstanding them should lead to improved thruster
designs.
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lines, shown as the dotted lines in Figure 10. This
turn leads to depletion of the plasma near the an-
ode, as shown by the isobars (solid lines) of Fig-
ure 10. As shown by the streamlines, the plasma
then turns back so that it is flowing almost par-
allel to the anode. This turn is accompanied by
a drop in Mach number, to subsonic speeds along
some streamlines. The initial acceleration and sub-
sequent drop in Mach number are shown in Figure
9, contours of constant Mach number. The label A
is at a local maximum of 1.57. As shown by the
labelled Mach 1 contour, along a number of axial
lines the plasma is dropping from supersonic to sub-
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How do the anode voltage drops behave at dif-
ferent currents? Heimerdinger[7] directly measured
the anode voltage drop over a range of currents in
the FFC and at 60kA in the CAC. The measured
voltage drop is the difference between the potential
measured 2 mm from the anode at an axial loca-
tion of 0.043 m from the inlet, and the potential at
the anode. His data are shown in Figure 13. The
data show that at low applied currents, anode volt-
age drops are negligible or non-existent. As the ap-
plied current is increased, the voltage drops appear
and increase with increasing applied current. The
anode drops seem to level out as the total current
is increased past 50-55 kA, although the large error
bars make this difficult to ascertain. The one data
point available for the CAC seems to indicate that
the anode voltage drop in this thruster is somewhat
smaller than in the FFC. In general, the anode drops
seem to account for 50 - 75 % of the total terminal
voltage in those cases for which the anode seems to
be starved, i.e. for currents above 25 kA or so.

The numerically predicted voltage drops behave
in a similar manner. Simulations were performed
for the CAC at currents of 23.4 kA, 27.3 kA, 31.2
kA, 359 kA, and 39.0 kA. The computed numerical
voltage drops are also plotted in Figure 13. At 23.4
kA, the voltage drops are quite small. As current is
increased, the numerically predicted anode voltage
drops grow, like the experimental data. The total
potential drops from the experimental data and the
numerical simulation are shown in Figure 14. Agree-
ment gets better as the curzent is increased, although
whether this trend will continue with current beyond
39 kA is unclear. The reason for the large discrep-
ancy at low currents is also unclear. Possibly this
is due to artificial ignition of the plasma in the low
current numerical cases, due to the lower limit on
ionization fraction. It might also be due to excessive
damping in the numerical simulation at low Mach
numbers.

6 Conclusions

The analytical results demonstrate that starvation
of the near anode plasma could result in significant
voltage drops in the quasi neutral plasma. The com-
putational results show that this mechanism causes
voltage drops with behaviour and magnitude similar
to those in an experimental device. As these voltage
drops are a major cause of thruster inefficiency, un-
derstanding them should lead to improved thruster
designs.
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SIMPLIFIED ANALYSIS OF ARCIJET
THRUSTERS

M. Martinez-Sanchez' and A. Sakamoto®
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Abstract

For purposes of systems tradeoffs, as
well as for preliminary design purposes, there is
a need for relatively simple methods to estimate
arcjet performance without the cost and delay of
a full-fledged numerical study. We present here
one such method. and its verification against a
variety of test data.

Nomenclature

Ra/R

Average slope of ¢ vs.o
Axial electric field

Thrust

Average valueof h/ ¢
Static enthalpy

Static enthalpy at arc edge
Total enthalpy

Total enthalpy flux
Enthalpy flux in arc

Arc current

Momentum flux

Thermal conductivity

Total mass flow parameter (Eq. 41)
Arc mass flow

Frozen flow paramer (Eq. 41)
p. po  Pressure, stagnation pressure

q P“z

Q Effective valueof v/ y -1
Radial coordinate

Radius of flow passage

a Radius of arc

Temperature

Axial velocity

Arc voltage
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Axial coordinate

pq

Specific heat ratio
b/he

Heat flux potential
Density

Electrical conductivity
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1 Introduction

The model is based on a two-stream
approximation, plus a set of simplified relations
for gas physical properties-cathalpy,
conductivity, etc. The outer stream is treated as
ideal adiabatic flow, with Ohmic heating and
heat conduction limited to the inner ("arc™)
stream. Growth of this inner stream follows
from beat diffusion across extemal streamlines.
By postulating a reasonable set of radial shape
functions for the conductivity and the dynamic

bead (pu’ ) the conservation laws become a set

of ordinary differential equations, which must be
integrated subject to prescribed initial conditions
and to smooth passage through the sonic section.
Several aspects of the actual physics are outside
the scope of the model, and maust be externally
supplied. These include the arc attachment point
and the anode voitage drop, plus a few less
significant effects, such as the chemical freezing
point or the initial centerline enthalpy. The
results presented include a study of the
sensitivity of predicted performance to these
inputs.

The model was tested against an extensive set of
data from Stuttgart University on a 20kw
thruster, over a range of currents, flow rates,
propeliants and cooling methods, and also
against data from two higber power and one
smaller power thruster. Results include chamber
pressure, thrust, voltage, arc radius and anode
heat loss, plus derived quantities such as specific




impulse and efficiency. The agreement with data
is reasonable good.

2 Formulation and Assumptions

The geometry considered is shown in
Fig. 1. The region outside the arc (R>>Ry) is
modeled as an isentropic flow region, where the
gas convected from upstream has not yet beea
affected by the diffusive spread of heat coming
from the arc itself (r<Ry).

This is supported by photometric data (], which
show a sharply delineated arc boundary
surrounding by non-emitting gas, and also by
results of detailed 2-D simulations (3}, according
to which the buffer gas is actually colder than the
walls, with a thin wall boundary layer of the
order of 0.3 mm total thickness (for a constrictor
diameter of 2.5 mm).

The arc itself is a region of intense
Ohmic heating and radial heat conduction.
Radiant heat transfer is comparatively negligible
for arc diameters less than about 1 cm.
Convection is, of course, the other important
effect. Ignoring friction, the goveming equations
(conservation of mass, energy and momentum)
can be integrated across the flow area (o<r<R(x))
10 obtain

ﬂ:o (1)
dx

-‘-‘-’i=2xR(KiT-) +Er (2)
dx arJw

5’-=p2nn @R (3)
dx , dx

where the overall fluxes m, H and J are

m = [Rou 20rdr (4)
R i
H=[,pu h+-—2— 2ardr - (5)

J= Ig(pﬂauz) 2nrdr (6)

The total current [ in Eq. (2) is
caicufated from Ohm's law as

1=£j}r 21 dr N

where £ is the axial electric field, and & is the
electrical conductivity of the gas. The current is
kept invariant with x up to the attachment cross-
section, where it goes abruptly to zero.

The wall beat flux term in Eq. (2) will
be neglected, except in the anode attachment
region as will be discussed below. Accordingly,
Eq. (9) gives for the electric potential from the
cathode tip

v-av, == :’(0) @

where AV, is the cathode potentizl drop, and H
(0) is the axial enthalpy flux at the cathode tip
section. In the anode - tachment region, the
quasi-one dimensionality is locally violawed, and
a large radial electric field does occur leading
the observed anode drop, AVA. The energy AVA.
dissipated in this region is mainly absorbed by
the wall, and the axial eathalpy flux H must
therefore decrease by —AH = IAVA.

The axial evolution of the arc mass flux
g which is defined as in Eq. 4, but with the
upper limit changed to Ra(x), is governed by the
diffusive spread of the region of beated gas,
which covers a steadily increasing number of
stream tudbes. This fact will be used bere to
formulate a simple growth model. Even though
the enthalpy radial profile b(r) is in reality
continuous, it is, as we noted, very steep at the
edge of the arc. This partly due to the
cwnmﬂowmmﬂumminmmy
rapid variation of electrical
cempmmmmesooo-mxmwm
the gas begins to ionize thermally. Since the

beating rate is a(l')l‘.‘2 once a emperatwe Tg ~
6000 K is reached, dissipation increases rapidly
with further T increases, and the T-profile must
steepen. Consider an idealized situation as
shown in Fig. 4, where A¢ (x) is the arc centerline
enthalpy, hgyg (x) is the adiabatic outer enthaipy,
and h,, corresponding to T, =6000 K, is the arc-
edge enthalpy. If the arc is “mgesting” gas at the

d drma
rate —=., the amount of beat (l-,-nm)-;

must be supplied o this region per unit length
(more precisely, (otal enthalpies should be used,

\




including kinetic energies). This heat is supplied
by radial conduction. If

ar
o
T Ra

is the radial heat flux at the arc edge, we obtain
dm
(ke -hou,)-z-x‘l =2%Ryq. (9

Tumning now to the momentum
equation, the overall conservation law (Eq. 3)
needs to be supplemented by some other
equation which expresses the character of the arc
axial momentum balance. Since the dynamic

head pu2 which develops gradually in the arc-
beated duct is generated by the gradual drop in
pressure and p is radially uniform, it can be

reasonably expected that pu2 itself will also be
nearly independent of r. This is confirmed by
inspection of full 2-D solutions, such as those
shown in Refs. 2.4.

24 imation for Gas Properti
and Radial Profiles

In the interest of algebraic simplicity,
we would like to interrelate the gas enthalpy,
thermal and electrical conductivity, pressure and
density in as simple a fashion as possible, while
preserving the basic physics. The following
approximations have been found reasonable and
useful:

(@) h=g?2 (10)
- p

Of course, for an ideal gas, 0 = __y_; y being
y -
the specific beat ratio. For a diatomic gas, then,
Q=3.5, and for a monatomic gas Q=2.5. Fora
non-ideal gas undergoing dissociation and
ionization, Y will approach unity, and Q can be
rather large over limited T intervals. From data
collected, for example by Lee (Ref. 5) Q is on
average 7-8 for H2 and N2 over a broad interval,
to over 30,000K. The parameter Q (and others)
is given in Table 1 for N2 and H . as well as for
N, Hy, for which simple molar averaging has
been used.

() The thermal conductivity K has very
sharp peaks (due to molecular diffusion followed
by recombination) in the dissociation and
ionization ranges. Fortunately, the quantity of
interest is the so-called heat-flux potential.

T d d
¢ =)o KdT K—=— 11
lo ( = “) 1)

which varies more smoothly. In fact, ¢ is
almost linearly related to the glectrical
conductivity O, as shown in Fig. 3 for Hydrogen
at 1 atm. We adopt the form

p=¢, + 820' (12)
with parameters ¢, and B as shown in Tabie 1.
() It is also useful to relate the enthalpy b
to the electrical conductivity @. Fig. (4) shows

this relationship for hydrogen at 1 amn. Toa
rough approximation, we will use

h=Go 13
with G also specified in Table 1
These correlations are relatively

insensitive (0 pressure; some correction is
included in the model o account for the Spitzer
logarithm effects .

The radial variations of velocity, mass
flux, enthalpy flux and kinetic energy can now
be expressed in terms of oaly those of the
enthalpy. We define




q(.t)=pu2 (independentof r)  (14)
and obtain

2
u=1g£i-=1{-q-ﬂ=,/—q—~/§ (15)
p PP Qp
f 2 fp JOpq
= =  |— = —— (]6
pu p(pu) oo Th (16)

puh=10pq Vh an
2
2 2 2\Qp
and hence
u2
puh, =pu h+-—2- (19)
1
20p

In these expressions, the factors
involving Q, p and q are independent of r. These
expressions indicate a large velocity, but a small
mass flux inside the arc, where h is high. The
enthalpy flux is large, but only in proportion to
Vh rather than o b, as one might have
expected.

[t is clear then, that the specification of
the radial variation of, say, electrical
conductivity, would suffice to specify those of all
the quantities needed to evaluate the integrals

m, mgy, H (since O is related W b by Eq. (13).

A two-parameter profile is adopted, of the form.
o =0.(x) f(r/ Ry(x)) (20)

and a convenient form for f is obtained by
consideration of the simpler problem of an arc
which fills a cylindrical cooled wall of radius Ry:

o= 0610(2.405;'—) (21)
qQ

where Jo(y) is the zero'th order Bessel function,
whose first zero is at y=2.405. In the purely

8
cylindrical case, the relationship E=2.405 -R— is

a
obtained from the radial heat balance. Since we
now have substantial convective cooling, this is
-

not a good approximation, although it does show
the correct trends.

Because of Eq. (13), this also gives the enthalpy
profile:

h(r.x) = h(x) 10(2.405 Ra’(x)] (22)

Substituting Eq. (21) into the total current
expression (Eq. 7) gives

I=2nEo j“a.l 2.405--r rdr
¢ lo" o R
a

=1.356 E o, R2 23)

This expresses the axial field E and the
dissipation per unit length, EI, in terms of I,
O and R;. The heat flux g, at the arc edge
needed in Eq. (9) can also be evaluated now:

{2, ()

a a .
of 2rRyq. =1.843 B o, (24)

Finally, we can use Eq. (22) to evaluate
the mass and energy flux integrals, For the arc
mass flow,

g =1Rapu 207 dr =

2
2n( Ry Y| 2.405_ xdx
E(z.ws) [" Jzo(x)l'm
2
=7.6340+pq % (25)

The mass flow rate outside the arc is
easier t0 evaluate, because hshyy=const. in that
region. We obtain

R lr(Rz - n})s

R? - R?

n\[‘é:w- \fp—q —ﬁ'—o_u_:-l (26)




where we have used Qo instead of the Q value,
which is appropriate only to the high lemperature
region, For H2 or N2 we can use Qoy¢=3.5
(y=1.4).

For the total enthalpy flux in the arc,
2
-j'oapu h+-5- 2 xdr =

"(“——)”—r (2.405)

[13'405 Jo(x) x dx]

the new integral is calculated to be 1.762, giving

1 ¢
=1914) 1+ —2 Loy 27
Hy =1 14(l+20p}J6 Pahc RS 2T)

Again, the enthalpy flux outside the arc
is simpler. Using Eq. (19) we obtain

S 1 q]r—-—
H-H,=n1+ -
4 { 20 P Oou

‘}pq hout (R2 - Ri) (28)

We compile here the relevant govemning
equations. Non-dimensional arc radius and

: R
enthalpies are introduced as a = —RfL

0, =-:-L , 0..= bf‘-. and, using Egs.

(] ¢
(1,2) (with zero wall heat flux), (3) and (9). and
expressing the dissipation and the arc-edge heat
flux from Egs. (23) and (24), we obtain

m = const. (29)

dm 2?9
—=7.843— (30)
dx G 1-8,,
dJ dR
—z=p 2R — a1
dx P dx
#_Gr | (32)
dx 1356 h, 9, R a*
x=1

¥ Y
Bout = Oout,o| — (33

Po

The integral quantities

(m, mg, Jand H) are related o the primitive
variables (p, q, a, 8,) by

g = 7.354\[%\[;:’:1?2 a2 (34)

m.ma+,E PL2(1-2) o9
out

Jsukz(p+q) (36)

H= Rz‘/—[l 914(1+5—-E Qa2 f6,

{u ""’}/— o Nop Wra 6D

Thus, after advancing one step in the
axial direction, the set of non-linear equations
(34-37) must be solved for (p, q, 8, 8.) which
then can be used to evaluate the axial derivatives
and repeat the cycle.

Equations (34-37) can be reduced to a
single nonlinear equation in the quantity z=q/p,
which for an ideal gas would be equivaleat to
yM*, M being the Mach number. The quantities
g, HandJ, which are knows from the
integration's (o the current x location, are
parameters in this equation for z. This equation
can have two, one or no roots. Starting from the
low-speed end, where 7, is small, two roots




occur, of which one can be identified as the
desired subsoaic solution. As m, increases, and
if P, is too high for the given m, the end of the
constrictor is reached within this subsonic
branch. Continuation into the widening nozzle
region then leads to a Venturi-type solution,
which fails to expand the flow supersonically.
On the other hand, a P, which is too low leads to
a situation where 010 solutions exist beyond a
certain point in the constrictor. The correct P, is
such as to place the sonic point at the constrictor
exit, such that the sudden area divergence allows
the solution to transition smoothly into the
supersonic branch. The solution itseif is
accomplished at each x value in a few Newton-
Raphson iterations.

Once z=q/p is known, the remaining primitive
variables can be easily found:

7 s
Prems——F ms ; pm=—— ; q=p 38)
xR lez

2
; .
8, .5.495[ _9_,£___ —Q--"-'_ﬂﬁ\/om] (39)

hy Loz my, Qous "™a

1+2 0.4266 8,
asz (40)

Vz oI, 11y
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Other Effects

Once the flow enters the divergent
nozzle, the pressure falls rapidly, and chemical
reaction rates fails to keep up with the evolving
conditions (frozen flow). From the
thermodynamic viewpoint, the principal
consequence of this is that the failure t0
recombine keeps large amounts of heat of
recombination from becoming thermal energy,
which could then be converted to directed kinetic
energy by the nozzle. Formally speaking, the
curve of enthalpy b vs. p/ p  will have a siope

er =y/(y-1) corresponding to a non-
reacting mixture of mono- and diatomic
molecules, rather than the much steeper Q which

is used for the hot, reacting gas in the arc
upstream of the freezing point.

Assuming h is still linear with p/ p, but
with the new slope, and further, that fluid
elements move along lines of constant t/Ry(x), it

can be shown (7] that this effect can be

characterized by the parameter
helx
N(x)____g_ Q i (fr) "

o (2 [ h(

which reduces to unity when Qg=QQ. The factor

/ .
|+125’1 in Eq. 27) (for H_) should now be

/
replaced by umiz-Q-’LN. while a factor 1/N

should multiply the right-hand side of Eq. (25)
(for my). Similarly, Eq. (39) should have a

factor of 1/N2, and Eq. (40) a factor VN . The
iteration for z is now slightly more involved,
because N itself depends on z, but this is easily
accounted for by using Eqgs. (39) and (41) at each
step of the iteration.

The physics f the anode regioo is
beyond the scope of this model. Experimental
evidence suggests that the arc attaches near the
beginning of the supersonic nozzle if the walls
are bot, and somewhat further downstream if
they are cold. The voltage drop AV in this
attachment is aiso difficult to predict from first
principles. Experiments on the German TT1
thruster [2) which is water-cooled, and on its
radiation cooled counterpart{l] show that AV,
is higher by ~20V in the case where the walls are
cold.

Numerical experimentation with the
present model shows that the fraction a=R¢/R
continues to increase in the nozzle, as it should in
the presence of heat diffusion. This, phes the
expansion of R(x) itself, makes the “arc” radius
increase rapidly, reducing its cooling rate, and
hence its axial electric field. Beyond a few
constrictor diameters into the nozzie, the arc
voltage increases very little, and arbitrarily
moving the atachment point up or downstream
has only a minor effect on total voltage. For the
numerical applications reporied here, we have
assumed artachment at the constrictor exit for
hot-wall cases, and about 2 constrictor diameters
into the nozzle for cold walls.

Wall friction is a relatively small effect
in arcjets, but it does have some effect on the net
performance, mainly by reducing the nozzie
efficiency. We have used a relatively crude
model to accoumt for it. This consists of adding




to the integral momenwm equation a frictional
term derived from the numerical simufations of
Ref. 3. For the constrictor, this amounts to a
friction factor ¢m0.015. In the nozzle, cris
allowed to decrease according to a flat-place
formula .

S Arcjet Performance, Method of
Caiculation

The vacuum thrust of the arcjet is given
by

F= )’fexi: pu2 2nrdr + (anZ )exi: (42)

ocF = [ R2(p+q)] (43)

exi t e.tlf

and, in fact, the impulse J(x) gives the thrust that
would result by terminating the nozzle at the
current x station, Specific impulse and efficiency
then follow from standard definitions.
Computations are performed according to the
following sequence:

n Specify geometric parameters, nozzie

contour, etc.

() Specify initial outer temperature Ty (0)
(actually at the cathode tip).

€)) Prescribe the anode attachment point
Xatr and the anode voltage drop AV,.

4) Specify mass flow m and current I.

&) Guess an initial pressure p,.

6) Integrate forward to the constictor exit
and check for smooth sonic passage. If
not achieved, modify p, and repeat.

¢ When smooth sonic passage achieved,
continue integration to attachment point.
At x=xanq add AVy4. o voltage, subtract

L4V, from H.
(8) Continue to nozzle exit, Calculate
thrust, specific impulse
lep = LF efficiency n = FZ
Pem mIv
Some additional details must be

discussed about the initial values used to start the
computation. As noted, the chamber pressure p,
is found by the sonic passage condition. Less
clearly defined are the arc parameters (radius and
temperature) right at the cathode tip where the
integration starts. It is found that a fairly wide

latitude exists in the choice of a(0)=R,(o¥R and
of 8.(0) = h.(0)/ h,. The effect of a change in

either of these parameters is only felt in the near
vicinity of the cathode. and the arc behavior in
the constrictor is very nearly independent of
these changes. The procedure adopted is
therefore 10 select a(0) and 8.(0) such as 1o

generate smooth profiles of a(x), 6,(x) near the
cathode. Typically this leads ©0 a(0)~0.2-0.3 and
Gc(x) ~15-30 (based on A, =h (6000K) for the
gas considered).

6 Results and Comparison to Data

The medium-power (6-30 kW) arcjets
of References (1,2,6) have been very well
documented experimentally, and constitute an
excellent test bed for theoretical models. They
cover a wide range of flow rates (0.05-0.3 g/sec),
currents (50-200 Amp) propellants (H, N2 +
H3, Argon) and cooling arrangements (water
cooling, radiation cooling). Measured quantities
include voltage, stagnation pressure, heat loss
and its distribution, thrust and, in some cases, src
radius and constrictor pressure,

The basic TT1 thruster is water-cooled
with segmented copper nozzle and constrictor.
The constrictor has a length of Smm and &
diameter of 2.5mm. The area ratio of the
supersonic nozzle is 100;1 with 2 17.5° mean
nozzle angle. The cathode has a conical tungsten
tip with a 30° cone angle, mating to a similar
conical chamber wall from which it is separated
by a 2 mm axial gap.

Calculations and data for the extreme
values of mass flow rate and current reported in
Ref. (2] are compiled in Table 2. As noted in the
table, attachment was throughout assumed at x=9
mm (3.2 mm past the coastrictor end). The
anode drop 4V, =28V was kept the same for all
cases, and was selected so as to provide the best
match to measured voltages. As the Qp Oss
column shows, this AV, , times the total carrent,
also matches reasonably well against the
experimentaily measured total beat loss. The
selected values of hc(0) and a(0) are arbitrary
(see discussion in Sec. 5) but insensitive.

The initial outer
Touro=700 K at 0.1 g.sec, SO0K a 0.3 g/sec) are
reasonable values for the gas which has been in
contact with (on the outside) the water-cooled
copper wall, and (on the inside) the hot tungsten




cathode. It was found that the chamber pressure
Do varied with Tou[,o. m‘hly as TOW.O . This

is due to the fact that most of the mass flow at
the choking plane is in fact in the outer flow
region, so that by the choking relation

. -
m=poA Ty 0. Po = Touo fora

fixed m. Because of this the thrust F also
increased with Ty, 0. The good match achieved
for both p, and F against experiment validates
the selection of Ty 0- The higher Tpur0
selected for the lower flow rates attempts to
reflect the higher (power/mass flow) for such
cases. and does appear to yield proper results.

Inspection of Table 2 shows that all the
performance parameters are predicted to within
10% (most of them significantly better than this).
Of course, the voltage maich is largely enforced
by the 4V4 choice, and that of the thrust is
helped by the Ty o-Choice. However, the latter
is only moderately affected by variations of
Tow,o- Within the physically reasonable range.
For example, for
m=0.3g/secand | =150 A, using
Tpu,0=700K instead of the SOOK of Table 2
would change the thrust from 1.64 10 1.80, 2 10%
variation.

Trends with mass flow and current are
well reproduced. In particular, the slight
decrease of voltage with current is accurately
predicted. The increase in voltage with mass
flow is also well reproduced.

Ref. (1) reported experiments in which a
2mm diameter observation window, centered 2.6
mm downstream of the cathode tip was used to
optically observe the arc and also to measure
static pressures. A comnparison of measured and
calculated arc widths is shown in Fig. 5. The
excellent agreement further verifies the model's
validity.

For the radiation-cooled case, reported
in Ref. (1), the geometry was the same, but a
monolythic tungsten anode was used instead of
the water-cooled segments. The outside
temperature of the anode biock was measured
and varied from 1200°C to 1800°C depending on
current. Internal temperatures were modeled
numerically and were estimated to yield

Tggs =800°C at the chamber inlet a low power

(2ZkW) case. This is not sufficient information to
calculate Toyr o accurately, but a reasonable

estimate can be made of Toye o *1400K for
m=0.1 g/sec.

The anode beat loss was not directly
measured in these tests, but the observed voltage
decrease of 30-40V with respect to the water-
cooled case suggests that the anode drop must
have become very small indeed. In fact, even
allowing for AV, =0 and for an earlier arc
anachment (at the constrictor exit), we cannot
obtain such a large decrease in voltage, as shown
in Table 3. As a consequence, even though the
thrust prediction is fairly accurate, the efficiency
is underestimated by the model. The chamber
pressure was not measured, and it is conceivable
m'roum should be raised somewhat in order 10
effect a better thrust prediction by increasing p,.
but this would exacerbate the voltage
overprediction problem. It is possible that the
anode attachment may occur even before the end
of the coastrictor, or that at least a pan of the
current is reaching the anode there; however, the
data were insufficient (o verify this.

Some calculations were also done for a
similar radiation -cooled 30 kW hydrogen
thruster from NASA-Lewis RC (Ref. 8). This
had a coustrictor radius of 0.89 mm, coustrictor
length of 3.56mm and a 20° nozzle with 270:1
expansion. Results are shown in Table 4. Once
again, 4V;=0 is required, but here, both thrust
and voltage are well predicted once this choice is
made.

The results for the highes-powered
HIPARC thruster [9): which had a comswrictor of
3 mm radius and 6 mm lengih, with 2 114:1, 20°
nozzle. were similarly accurate s 0.2 g/sec, 500
A :Vpredicted=94.6V (including a 6V AVy) vs.
Vmeasured=96V, and Fpyreg =1.80N va.

Fmeas. =1.96N. On the other hand, a2 0.3 g/sec,
800A., while the same AV, leads 0
Vpred.=102V vs. Vgees =103V, the model gives
Fpred =2.64N, while ibe data of Ref. (%) indicates
Frneas. =3.40N. Inclusion of self-magnetic
(MPD) effects accounts for about 02N only, so a
substantia! discrepancy remains. It shouid be
noted that the thrust coefficient implied by the
data is (CF)meas. 22.46, much larger than the
values seen in other thrusters and in the model,
and perhaps unrealistic.

Even though the molar averaging
used 10 generate the coefficients for
N;H4 in Tabie 1 may be opea to criticism, the
model is able 0 make accurate predictions foc
hydrazine-fueled thrusters as well. This is shown




in Table S, which pertains again to the TT1
water-cooled thruster of Ref. (1]. Asin the
voliage data, in this case a constant 20V for all
cases. Chamber pressures and thrusts are then
well predicted for a range of flows and currents.

7 Conclusions

A fairly simple model which retains
only the essential facts about the physics of the
arc and the flow process bas been shown to be
able to predict most of the important
performance parameters of arcjets with an
accuraCy comparable with water-cooled H2 case,
a substantial anode drop is seen to be required to
match the refined numerical simulations. A
notable exception is the model's inability to
calculate anode drops, for which the near-anode
region needs to be modeled to the exteat of
including temperature non-equilibrium and
charge carrier diffusion (Ref. 3). A second
shortcoming is the need to provide separate
estimates of the temperature of the gas outside
the arc: this should be amenable o relatively
simple thermal analysis, however. The model
could prove useful for preliminary design and for
broad systems studies, where the high costs of
detailed simulations may be still probibitive.
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Table 1: Fit approximations for hydrogen, hydrazine and nitrogen

Gas
Fit CoefTicients Hydrogen Hydrazine Nitrogen
¢, (W/m) 36000 | 26300 7000
B(V) 276 243 1.58
To K) 7000 7000 7000
a (K-m/s) 1.50 1.50 1.50
Q 7.0 123 7.7
G (Jm/skg) 2.47 x 105 1.73x 107 2.20 x 10*

10




Table 2: Computational and experimental data comparison for water-cooled
20 kW level thruster with hydrogen propeilant

Computational
(Experimental)
Case 1A Case |1B Case I1C Case 1D
m (kg/sec- 103 0.1 0.1 03 0.3
I (amperes) S0 150 - 50 150
Touto (K) 700 700 500 500
heo (J/kg) 3x 109 8$x10° 3x10° 3$x109
Py (N/m?) 902x10¢ | 123x105 | 203x10° | 244x10°
° (900x 109 | (130x1059 | (235x10% | (74x109
165 158 25 199
V (voits) (16%) (140) (233) (198)
FQN) 0.58 0.81 1.32 1.63
(0.60) (0.83) (1.17) (1.62)
592 876 449 554
lo (sec) (612) (847) (398) (551)
.' 1 0204 0.141 0.258 0.148
(0218) (0.164) (0.196) 0.147)
1.40 420 1.40 420
Qioss (kW) (1.30) (4.00) (1.00) (3.30)
/R@
. om";imem 0.598 0.758 0.462 0610
C 1.309 1.342 1324 1.361
F (1.358) (1.301) (1.002) (1.186)

Forall cases. AV, = 28 V, Ry(0) = 0.2 mm. xgq = 9 mm, Q = 7. Qogg = 3.5, and Qg = 4.7S.




Table 3: Computational and experimental data comparison for radiation-
cooled 20.kW level thruster with hydrogen propeilant

Erpesimena
Case 2A Case 2B
i (kg/sec-10-3) 0.1 0.1
I (amiperes) 50 150
Touo (K) 1400 1400
heo (Bkg) 3x10° 8x10°
Po (N/m?) 1.17x105 | 1.51x10%
v | 15| W
F& 079 0
e | Ge oo
n @den 00
o M/R@ | 0358 072
Cr 1.267 1299

For all cascs, AV, @ 0 V. Rg(0) = 0.2 0un, Xap = 6 mm, Q= 7. Qoe = 3.5. and Qg = 4.75.




Table 4: Computational and experimental data comparison for radiation-
cooled 30.kW level thruster with hydrogen propeliant

Erpmean)

Case 3A Case 3B

m (kg/sec:10-3) | 0.1228 0.1228
I (amperes) 107.1 260.5

Touo (K) 2000 2000
beo (J/kg) 6x10° 9x 109
PoUm?) | 3.63x105 | 5072108

veu | | e
F@®D) 1238 4761
oo | o28) (1461

g 0331) 029%)

Cr 1.37 13

Forallcases. AV, w0V, Rg(0) =02 mm, xgyw 6 mm. Q= 7. Qom = 3.5. and Qfr = 4.73.
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